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Abstract

We consider the inverse boundary value problem for the first order perturbation of the polyharmonic 
operator Lg,X,q , with X being a W1,∞ vector field and q being an L∞ function on compact Riemannian 
manifolds with boundary which are conformally embedded in a product of the Euclidean line and a simple 
manifold. We show that the knowledge of the Dirichlet-to-Neumann map determines X and q uniquely. 
The method is based on the construction of complex geometrical optics solutions using the Carleman esti-
mate for the Laplace–Beltrami operator due to Dos Santos Ferreira, Kenig, Salo and Uhlmann. Notice that 
the corresponding uniqueness result does not hold for the first order perturbation of the Laplace–Beltrami 
operator.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let (M, g) be a compact oriented Riemannian smooth manifold with boundary. Throughout 
this paper, the word “smooth” will be used as the synonym of “C∞”. Let �g be the Laplace–
Beltrami operator associated to the metric g which is given in local coordinates by

�gu = |g|−1/2 ∂

∂xj

(
|g|1/2gjk ∂u

∂xk

)
,
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where as usual (gjk) is the matrix inverse of (gjk), and |g| = det(gjk). If F denotes a function or 
distribution space (Ck , Lp , Hk , D′, etc.), then we will denote by F(M, T M) the corresponding 
space of vector fields on M .

Let X ∈ W 1,∞(M, T M) and q ∈ L∞(M). Consider the polyharmonic operator (−�g)
m, 

m ≥ 1, with the first order perturbation induced by X and q

Lg,X,q = (−�g)
m + X + q.

The operator Lg,X,q equipped with the domain

D(Lg,X,q) = {u ∈ H 2m(M) : γ u = 0} = H 2m(M) ∩ Hm
0 (M)

is an unbounded closed operator on L2(M) with purely discrete spectrum; see [8]. Here and in 
what follows,

γ u := (u|∂M,�gu|∂M, . . . ,�m−1
g u|∂M)

is the Dirichlet trace of u, and Hs(M) is the standard Sobolev space on M , s ∈ R.
We make the assumption that 0 is not a Dirichlet eigenvalue of Lg,X,q in M . Under this 

assumption, for any f = (f0, . . . , fm−1) ∈ Hm(∂M) := ∏m−1
j=0 H 2m−2j−1/2(∂M), the Dirichlet 

problem

Lg,X,qu = 0 in M,

γu = f in ∂M,
(1)

has a unique solution u ∈ H 2m(M). Let ν be an outer unit normal to ∂M . Introducing the Neu-
mann trace operator γ̃ by

γ̃ : H 2m(M) →
m−1∏
j=0

H 2m−2j−3/2(∂M),

γ̃ u = (∂νu|∂M, ∂ν�gu|∂M, . . . , ∂ν�
m−1
g u|∂M),

we define the Dirichlet-to-Neumann map Ng,X,q by

Ng,X,q :Hm(∂M) →
m−1∏
j=0

H 2m−2j−3/2(∂M), Ng,X,q(f ) = γ̃ u,

where u ∈ H 2m(M) is the unique solution to the boundary value problem (1). Let us also intro-
duce the set of the Cauchy data for the operator Lg,X,q

Cg,X,q = {(γ u, γ̃ u) : u ∈ H 2m(M), Lg,X,qu = 0}.

When 0 is not a Dirichlet eigenvalue of Lg,X,q in M , the set Cg,X,q is the graph of the Dirichlet-
to-Neumann map Ng,X,q .
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