
Available online at www.sciencedirect.com

ScienceDirect

J. Differential Equations 261 (2016) 7157–7193

www.elsevier.com/locate/jde

On the classification of elliptic foliations induced by 

real quadratic fields with center

Liliana Puchuri b,c,∗, Orestes Bueno a,c

a Universidad del Pacífico – Jr. Sánchez Cerro 2050 - Jesús María, Lima 11, Peru
b Pontificia Universidad Católica del Perú – Av. Universitaria 1801, San Miguel, Lima 32, Peru
c Instituto de Matemática y Ciencias Afines – Calle Los Biólogos 245, La Molina, Lima 12, Peru

Received 22 June 2016; revised 8 September 2016

Available online 21 September 2016

Abstract

Related to the study of Hilbert’s infinitesimal problem, is the problem of determining the existence and 
estimating the number of limit cycles of the linear perturbation of Hamiltonian fields. A classification of the 
elliptic foliations in the projective plane induced by the fields obtained by quadratic fields with center was 
already studied by several authors.

In this work, we devise a unified proof of the classification of elliptic foliations induced by quadratic 
fields with center. This technique involves using a formula due to Cerveau & Lins Neto to calculate the 
genus of the generic fiber of a first integral of foliations of these kinds.

Furthermore, we show that these foliations induce several examples of linear families of foliations which 
are not bimeromorphically equivalent to certain remarkable examples given by Lins Neto.
© 2016 Elsevier Inc. All rights reserved.

MSC: 34C07; 14J27; 14D06; 32S65

Keywords: Elliptic foliations; First integrals; Pencil of foliations; Reversible; Lotka Volterra; Hamiltonian; Codimension 
four

* Corresponding author at: Pontificia Universidad Católica del Perú – Av. Universitaria 1801, San Miguel, Lima 32, 
Peru.

E-mail addresses: lpuchuri@pucp.pe (L. Puchuri), o.buenotangoa@up.edu.pe (O. Bueno).

http://dx.doi.org/10.1016/j.jde.2016.09.019
0022-0396/© 2016 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2016.09.019
http://www.elsevier.com/locate/jde
mailto:lpuchuri@pucp.pe
mailto:o.buenotangoa@up.edu.pe
http://dx.doi.org/10.1016/j.jde.2016.09.019
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2016.09.019&domain=pdf


7158 L. Puchuri, O. Bueno / J. Differential Equations 261 (2016) 7157–7193

1. Introduction

The infinitesimal’s Hilbert Problem asks for an upper bound to the number of limit cycles of a 
polinomial vector field of degree n, close to a polinomial vector field with first integral f . Even 
the case n = 2 is an open problem. In this case, there is some progress when f has elliptic curves 
as generic level curves (called elliptic fibrations) [1–4].

Any quadratic differential equation, for which the origin is a non-degenerated singularity of 
center type, can be taken to the following form

x′ = y + a2,0x
2 + a1,1xy + a0,2y

2,

y′ = −x + b2,0x
2 + b1,1xy + b0,2y

2.

We can also complexify the previous equation, to obtain

z′ = −iz + Az2 + Bzz̄ + Cz̄2, (1.1)

where A, B, C ∈C.
The integrability theory of Darboux [5] made it possible to obtain necessary and sufficient 

conditions for the classification theorem of centers of quadratic polynomial differential systems. 
The conditions for the existence of a analytic first integral of a quadratic center were due to Dulac 
and Kapteyn [6–8].

Theorem (Dulac–Kapteyn). There are five types of quadratic systems with center:

QH
3 : z′ = −iz − z2 + 2zz̄ + Cz̄2, C ∈C \R, (Hamiltonian);

H�: z′ = −iz + z̄2, (Hamiltonian triangle);
QLV

3 : z′ = −iz + z2 + Cz̄2, C ∈C, (generalized Lotka–Volterra);
QR

3 : z′ = −iaz + 4z2 + 2zz̄ + cz̄2, a, c ∈ R, (Reversible);
Q4: z′ = −iz + 4z2 + 2zz̄ + Cz̄2, |C| = 2, C ∈ C \R, (Codimension four).

From Dulac–Kapteyn’s theorem, we obtain the classification of quadratic vector fields with a 
center, namely, if the complex ODE (1.1) possesses a center then it must have a first integral of 
one of the following forms

P3 ∈ R[x, y], (Hamiltonian cases: QH
3 and Hamiltonian triangle); (1.2)

xpyq(ax + by + c)r , p, q ∈ Z, a, b, c ∈R, (Lotka–Volterra case: QLV
3 ); (1.3)

xp(y2 + P2(x))q, q ∈N, p ∈ Z, P2 ∈R2[x, y], (Reversible case: QR
3 ); (1.4)

P3(x, y)2

P2(x, y)3
, P2,P3 ∈R[x, y], (Codimension four case: Q4). (1.5)

The classification of elliptic foliations was previously addressed by Iliev, Gautier, Gavrilov, 
among others, see [1,9–11] and the references therein. In particular, in [1], Gautier provides the 
classification of reversible and Lotka–Volterra foliations up to birational maps. Later on, in [9], 
Gautier et al. computed the generating functions (also called, Poincaré–Pontryagin–Melnikov 
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