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Abstract

In this paper we introduce the concept of collective tube conditions which assures a suitable behaviour for 
a family of dynamical systems close to impulsive sets. Using the collective tube conditions, we develop the 
theory of upper and lower semicontinuity of global attractors for a family of impulsive dynamical systems.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Perturbations are present in every aspect of the modelling of real world phenomena. Ap-
proximate measurements, data collecting, empirical laws and simplifications, for instance, are 
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procedures that introduce small changes in the modelled problem. Such small errors are expected, 
but they need to be carefully treated. Otherwise, how can we assure that the properties obtained 
for the model also hold true for the real problem?

To answer this question, we need to study the continuity of such problems under small per-
turbations. We will focus on the following question: what can be said about the asymptotic 
behaviour of a problem (that is, the behaviour of solutions for large times t ) if we make a small 
perturbation of it?

Even in the case of continuous dynamical systems, this question has a very non-trivial answer 
and the study of the perturbations is divided in the literature, in general, in four steps: the up-
per semicontinuity, the lower semicontinuity, the topological stability and, lastly, the geometric 
stability (see for instance [1,2,8–11,17,18]). In this paper, we will deal mainly with the upper 
semicontinuity of impulsive dynamical systems and, also, we shall give some preliminary results 
on the lower semicontinuity.

We say that a family {Aη}η∈[0,1] of non-empty sets in a metric space (X, d) is upper semi-
continuous at η = 0 if

lim
η→0

dH (Aη,A0) = 0

and it is lower semicontinuous at η = 0 if

lim
η→0

dH (A0,Aη) = 0,

where

dH (A,B) = sup
a∈A

inf
b∈B

d(a, b)

is the Hausdorff semidistance between two non-empty subsets A, B of X.
Roughly speaking, the upper semicontinuity property ensures that the solutions of the per-

turbed system do not “explode” and follow some solution of the limiting problem. The lower 
semicontinuity ensures that the solutions of the perturbed system do not “implode” and the per-
turbed system has, at least, the same degree of complexity that the limiting system.

If one is familiar with the theory of impulsive dynamical systems and their global attractors 
(see detailed results in [3] and additional results in [4–7,12–16,19,20,22]), there is a natural 
question to ask: how can we talk about continuity under perturbations of systems which have 
precisely the discontinuity as its main feature?

To answer this question we must remind that, basically, an impulsive dynamical system is 
formed by a continuous dynamical system and a continuous impulsive function (or jump func-
tion), which gives rise to a discontinuous semiflow, that is, for each initial state, the solution has 
“jumps” and it is clearly discontinuous. But when we look at the whole impulsive semiflow, if 
the continuous semiflow and the jump function behave continuously under perturbations, there 
is no reason why the impulsive semiflow would not behave the same. Realizing this, one can see 
that the study of continuity of impulsive dynamical systems is not a contradictory statement by 
itself, and involves the study of perturbations of continuous semiflows as well as the study of 
perturbations of the impulsive functions. This will be the main goal of this work, that is, to study 
in details the upper semicontinuity of global attractors for impulsive dynamical systems and give 
a first step towards the study of their lower semicontinuity.
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