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Abstract

In this paper, we would like to derive a quantitative uniqueness estimate, the three-region inequality, for
the second order elliptic equation with jump discontinuous coefficients. The derivation of the inequality
relies on the Carleman estimate proved in our previous work [5]. We then apply the three-region inequality
to study the size estimate problem with one boundary measurement.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

In this work we aim to study the size estimate problem with one measurement when the
background conductivity has jump interfaces. A typical application of this study is to estimate
the size of a cancerous tumor inside an organ by the electric impedance tomography (EIT). In this
case, considering discontinuous medium is typical, for instance, the conductivities of heart, liver,
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intestines are 0.70 (s/m), 0.10 (s/m), 0.03 (s/m), respectively. Previous works on this problem
assumed that the conductivity of the studied body is Lipschitz continuous, see, for example, [3,
4]. The first result on the size estimate problem with a discontinuous background conductivity
was given in [18], where only the two dimensional case was considered. In this paper, we will
study the problem in dimension n > 2.

The main ingredients of our method are quantitative uniqueness estimates for

div(AVu)=0 QCR". (1.1)

Those estimates are well-known when A is Lipschitz continuous. The derivation of the estimates
is based on the Carleman estimate or the frequency function method. For n =2 and A € L™,
quantitative uniqueness estimates are obtained via the connection between (1.1) and quasiregular
mappings. This is the method used in [18]. For n > 3, the connection with quasiregular mappings
is not true. Hence we return to the old method — the Carleman estimate, to derive quantitative
uniqueness estimates when A is discontinuous. Precisely, when A has a C! interface and is
Lipschitz away from the interface, a Carleman estimate was obtained in [5] (see [11-13] for
related results). Here we will derive three-region inequalities using this Carleman estimate. The
three-region inequality provides us a way to propagate “smallness” across the interface (see also
[12] for similar estimates). Relying on the three-region inequality, we then derive bounds of the
size of an inclusion with one boundary measurement. For other results on the size estimate, we
mention [1] for the isotropic elasticity, [15—17] for the isotropic/anisotropic thin plate, [7,6] for
the shallow shell.

2. The Carleman estimate
In this section, we would like to describe the Carleman estimate derived in [5]. We first denote

Hy = xgi where R} = {(x, y) € R"~!xR:y=0}and Xre. is the characteristic function of R
Let u+ € C°°(R") and define

u=Hiuy+H u_= Z Hiuy,

+
hereafter, ), a+ = a4 +a—, and
LOy, =Y Hidivy y(Ax(x, y) Vi yuis), @.1)
+
where
As(x,y) ={af0, M) o, xeR"™yeR (2.2)

is a Lipschitz symmetric matrix-valued function satisfying, for given constants A¢ € (0, 1],
My >0,

rolzl? < Ax(x, Mz-z <Ay |zl V(x, y) eRY, Vz € R" (2.3)

and
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