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Abstract

We establish sharp regularity estimates for solutions to Lu = f in � ⊂R
n, L being the generator of any 

stable and symmetric Lévy process. Such nonlocal operators L depend on a finite measure on Sn−1, called 
the spectral measure.

First, we study the interior regularity of solutions to Lu = f in B1. We prove that if f is Cα then u
belong to Cα+2s whenever α + 2s is not an integer. In case f ∈ L∞, we show that the solution u is C2s

when s �= 1/2, and C2s−ε for all ε > 0 when s = 1/2.
Then, we study the boundary regularity of solutions to Lu = f in �, u = 0 in Rn \�, in C1,1 domains �. 

We show that solutions u satisfy u/ds ∈ Cs−ε(�) for all ε > 0, where d is the distance to ∂�.
Finally, we show that our results are sharp by constructing two counterexamples.
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1. Introduction and results

The regularity of solutions to integro-differential equations has attracted much interest in the 
last years, both in the Probability and in the PDE community. This type of equations arise natu-
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rally in the study of Lévy processes, which appear in many different situations, from Physics to 
Biology or Finance.

A very important class of Lévy processes are the α-stable processes, with α ∈ (0, 2); see [4]
and [32]. These are processes satisfying self-similarity properties. More precisely, Xt is said to 
be α-stable if

X1
d= 1

t1/α
Xt for all t > 0.

These processes are the equivalent to Gaussian random processes when dealing with infinite 
variance random variables. Indeed, the Generalized Central Limit Theorem states that, under 
certain assumptions, the distribution of the sum of infinite variance random variables converges 
to a stable distribution (see for example [32] for a precise statement of this result).

Stable processes can be used to model real-world phenomena [32,20], and in particular they 
are commonly used in Mathematical Finance; see for example [26,11,27–29,8] and references 
therein.

The infinitesimal generator of any symmetric stable Lévy process is of the form

Lu(x) =
∫

Sn−1

+∞∫
−∞

(
u(x + θr) + u(x − θr) − 2u(x)

) dr

|r|1+2s
dμ(θ), (1.1)

where μ is any nonnegative and finite measure on the unit sphere, called the spectral measure, 
and s ∈ (0, 1).

The aim of this paper is to establish new and sharp interior and boundary regularity results for 
general symmetric stable operators (1.1).

Remarkably, the only ellipticity assumptions in all our results will be

0 < λ ≤ inf
ν∈Sn−1

∫
Sn−1

|ν · θ |2sdμ(θ),

∫
Sn−1

dμ ≤ 	 < ∞. (1.2)

Notice that these hypotheses are satisfied for any symmetric stable operator whose spectral mea-
sure μ is n-dimensional, i.e., such that there is no hyperplane V of Rn such that μ is supported 
on V . Notice also that in case that the spectral measure μ is supported on an hyperplane V , then 
no regularity result holds.

When the spectral measure is absolutely continuous, dμ(θ) = a(θ)dθ , then these operators 
can be written as

Lu(x) =
∫
Rn

(
u(x + y) + u(x − y) − 2u(x)

)a(y/|y|)
|y|n+2s

dy, (1.3)

where a ∈ L1(Sn−1) is a nonnegative and even function.
The most simple example of stable Lévy process Xt in Rn is the one corresponding to 

dμ(θ) = c dθ , with c > 0. In this case, the operator L is a multiple of the fractional Lapla-
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