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Abstract

In this paper, we prove the existence and uniqueness of weak entropy solutions to the Burgers–Poisson 
equation for initial data in L1(R). In addition an Oleinik type estimate is established and some criteria on 
local smoothness and wave breaking for weak entropy solutions are provided.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The Burgers–Poisson equation is given by the balance law obtained from Burgers’ equation 
by adding a nonlocal source term

ut +
(

u2

2

)
x

= [G ∗ u]x, (1.1)
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where

G(x) = −1

2
e−|x| and [G ∗ u](x) = −1

2

∞∫
−∞

e−|x−z| · u(z)dz

solve the Poisson equation

ϕxx − ϕ = u.

Equation (1.1) has been derived in [9] as a simplified model of shallow water waves and admits 
conservation of both momentum and energy. For sufficiently smooth initial data

u(0, x) = u(x), (1.2)

the local existence and uniqueness of solutions of (1.1) have been established in [5]. In addition 
the analysis of traveling waves showed that the equation features wave breaking in finite time. 
Hence it is natural to study existence and uniqueness of weak entropy solutions which are global 
in time.

Definition 1.1. A function u ∈ L1
loc([0, ∞[ ×R) ∩ L∞

loc(]0, ∞[, L∞(R)) is a weak entropy so-
lution of (1.1)–(1.2) if u satisfies the following properties:

(i) The map t �→ u(t, ·) is continuous with values in L1(R) and satisfies the initial condi-
tion (1.2).

(ii) For any k ∈ R and any non-negative test function φ ∈ C1
c (]0, ∞[ ×R, R) one has

∫ ∫ [
|u − k|φt + sign(u − k)

(u2

2
− k2

2

)
φx + sign(u − k)[Gx ∗ u(t, ·)](x)φ

]
dxdt ≥ 0.

(1.3)

For any initial data ū ∈ BV (R), the existence of a global weak entropy solution to (1.1)–(1.2)
has been studied in [5]. The proof is based on the vanishing viscosity method yielding a se-
quence of approximating smooth solutions. Due to the BV bound of ū, one obtains that the 
approximating solutions also satisfy an a priori uniform BV bound for all positive times, yield-
ing the compactness of the approximating sequence of solutions. However this method cannot be 
applied in the more general case with initial data in L1(R). In addition there are no uniqueness 
or continuity results for global weak entropy solutions of (1.1) established in [5]. Thus our main 
goal is to study the existence and uniqueness for global weak entropy solutions for initial data 
ū ∈ L1(R). To be more explicit we are going to show the following theorem.

Theorem 1.2. Given any initial data u(0, ·) = ū(·) ∈ L1(R), the Cauchy problem (1.1)–(1.2) has 
a unique weak entropy solution u(t, x) in [0, ∞) ×R. Furthermore, for any t > 0

‖u(t, ·)‖L1(R) ≤ et ‖ū‖L1(R) , (1.4)
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