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Abstract

We study the diffusion phenomena for damped wave equations. We prove that the solution of an abstract 
damped wave equation becomes closer to the solution of a heat type equation as time tends to infinity under 
some assumption to the resolvent. As an application of our approach, we also study the asymptotic behavior 
of the damped wave equation in Euclidean space under the geometric control condition.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

We study the following damped wave equation on Rd

⎛⎝∂2
t −

d∑
i,j=1

∂igij (x)∂j + a(x)∂t

⎞⎠u(x, t) = (∂2
t + P + a(x)∂t )u(x, t) = 0. (1.1)
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Here we write ∂t = ∂
∂t

, ∂i = ∂
∂xi

and P = − 
∑d

i,j=1 ∂igij (x)∂j . gij (·) and a(·) are in B∞(Rd); the 
space of smooth functions with bounded derivatives. We assume (gij (·)) is a family of uniformly 
elliptic real symmetric matrices, i.e. there exists a constant C > 0 such that

1

C
Id ≤ (gij (x)) ≤ CId

holds for any x ∈ Rd . Under this assumption, P is a positive definite self-adjoint operator on H 2

and D(
√

P) = H 1 where H 1 and H 2 are usual Sobolev spaces on Rd . We also assume a(x) ≥ 0
for any x ∈ Rd .

In this paper, we shall study the case that a(x) may vanish however the geometric control 
condition holds. So we recall about the geometric control condition. For the operator P , we 
define its Hamiltonian flow φt(x, ξ) = (x(t), ξ(t)) by the solution of the following Hamilton’s 
equation ⎧⎪⎨⎪⎩

dx

dt
= ∂p

∂ξ
,

dξ

dt
= −∂p

∂x
,

(x(0), ξ(0)) = (x, ξ).

Here the symbol p(x, ξ) = ∑d
i,j=1 gij (x)ξiξj is associated with P . By the uniform ellipticity, 

the above Hamilton’s equation has time global solutions for any initial data and we can define the 
Hamiltonian flow. For the damped wave equation, it is known that the mean value of the damping 
term along a solution of Hamilton’s equation is closely related to the asymptotic profile of the 
solution cf. [7,20]. So we introduce

〈a〉T (x, ξ) = 1

T

T∫
0

a(φt (x, ξ))dt

where T > 0 and we use the notion a(x, ξ) := a(x). We study the asymptotic behavior of the 
damped wave equation under the following geometric control condition.

Geometric control condition: There exist T > 0 and α > 0 such that for all (x, ξ) ∈ p−1({1}), 
we have 〈a〉T (x, ξ) ≥ α.

The following result is a uniform energy decay under the geometric control condition.

Theorem 1.1. We assume the geometric control condition. Let u be a solution of (1.1) with the 
initial data u|t=0 = u0 ∈ H 1 and ∂tu|t=0 = u1 ∈ L2. Then there exists a constant C such that for 
t > 1, the following bound holds

‖∇u‖2
L2 + ‖∂tu‖2

L2 ≤ C(

d∑
i,j=1

(gij ∂iu, ∂ju)L2 + ‖∂tu‖2
L2) ≤ Ct−1(‖u0‖2

H 1 + ‖u1‖2
L2).

Remark 1.2. The above bound is optimal without any further assumption to the initial data. 
Moreover it is known that the geometric control condition is necessary for the uniform energy 
decay from H 1 × L2 norm of the initial data.
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