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Abstract

In this paper, we use the Laplace transform and Dirichlet-Neumann map to give a systematical scheme to
study the small wave perturbation of general shock profile with general amplitude. Here we use certain non-
classical shock waves for a rotationally invariant system of viscous conservation laws to demonstrate this
scheme. We derive an explicit solution and show that it converges pointwise to another over-compressive
profile exponentially, when the perturbations of the initial data to a given over-compressive shock profile
are sufficiently small.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the following simple rotationally invariant system originated from the study of MHD
and nonlinear elasticity by Freistiihler [3],

iy 4 (% + %)y = piyy,

(1.1)
U + (D@2 + 92))x = Lixx-

The characteristics are
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r(i, ) = @, —ii), ra(i, ) = (i, 0), A, d) =i+ 0%, A, 0) =313, 7). (1.2)

The 1-characteristic is linearly degenerate and the 2-characteristic is genuinely nonlinear except
at the origin

Vi -r1(i,0) =0, Vis-r(i,d) =6 + 1°). (1.3)

A viscous shock wave has end states along the same radial direction through the origin, i.e.,
in the direction of (i, v). The system is rotational invariant and so, without loss of generality,
consider the end states to have the second component zero (i, 0). When 24 are of the same sign,
the shock is classical, and there is only one connecting orbit along the z_ axis. When u4 < 0,
the shock may cross the non-strictly hyperbolic point (i, v) = 0 and becomes over-compressive.

Here we are interested in over-compressive shock, which is characterized by

D=, T2) > Mo, 52) > b > Mg, 54) > M (fir, 1), (1.4)

b is the speed of over-compressive shock. (1.4) implies that the over-compressive shock is a
node—node connection. Thus when exists, there is a 1-parameter family of viscous profiles. More
details about the over-compressive shock will be given in the Section 2.

The goal of this paper is to prove that the over-compressive shock profiles for (1.1) can be
stable against small perturbations using our new approach: given the profile ® = (¢, ¥) of an
(appropriate) over-compressive shock profile, and a function (itg(x), vg(x)) (of appropriate type)

such that
( o (x) ) ( fio (x) )
= - (1.5)
vo(x) vo(x)
is small (in an appropriate sense), then the solution (iz, v) of (1.1) with initial data (z¢(x), vo(x))
converges time-asymptotically to another profile ®* = (¢*, ¥*). We give the pointwise conver-
gence rate to the new profile.

Since there is a 1-parameter family of viscous shocks with given end states, the stability of the
shock profile is to be understood in the following way: the perturbation of a stable shock profile
would converge to the same or another profile in the 1-parameter family. Thus, in addition to the
phase shift, the perturbation also changes the time-asymptotic profile of the solution. Therefore,
instead of using the conservation laws to identify the phase shift and diffusion waves as for
the Laxian shocks, we use the two conservation laws to identify the phase shift and the new
profile. This should make the situation well-posed as we have two conservation laws and the
same number of parameters to determine. Here and thereafter, we set © = 1 without loss of
generality.

The main theorem is given as follows:

Theorem 1.1 (Main Theorem). Give an over-compressive shock profile ® = (¢, 0) with the shock
speed b. Let C be a universal positive constant, and let the initial perturbation defined by (1.5)
satisfy lug(x), vo(x)| < O(1)ee™™V/C Then for ¢ sufficiently small, there exists a unique profile
D* with ®(£o00) = O*(£00), such that the solution of (1.1) satisfies:
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