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Abstract

We study the long-time behavior of solutions to a measure-valued selection–mutation model that we 
formulated in [14]. We establish permanence results for the full model, and we study the limiting behavior 
even when there is more than one strategy of a given fitness; a case that arises in applications. We show that 
for the pure selection case the solution of the dynamical system converges to a Dirac measure centered at 
the fittest strategy class provided that the support of the initial measure contains a fittest strategy; thus we 
term this Dirac measure an Asymptotically Stable Strategy. We also show that when the strategy space is 
discrete, the selection–mutation model with small mutation has a locally asymptotically stable equilibrium 
that attracts all initial conditions that are positive at the fittest strategy.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

A significant part of evolutionary game theory focuses on the creation and study of mathemat-
ical models that describe how the strategy profiles in games change over time due to mutation 
and selection (replication) [28,38]. In [14] we defined an evolutionary game theory model as an 
ordered triple (Q, μ(t), F(μ(t))) subject to:

d

dt
μ(t)(E) = F(μ(t))(E), for every E ∈B(Q). (1)

Here Q is the strategy (metric) space, B(Q) is the σ -algebra of Borel subsets of Q, μ(t) is a 
time dependent family of nonnegative finite Borel measures on Q, and F is a density dependent 
vector field such that μ and F satisfy equation (1). For a Borel subset E of Q, μ(t)(E) denotes 
the measure μ(t) applied to E and can be interpreted as the number of individuals at time t that 
carry a strategy from the set E.

We also formulated the following selection–mutation evolutionary game theory model as a 
dynamical system φ(t, u, γ ) on the state space of finite nonnegative Borel measures under the 
weak∗ topology with μ(t) = φ(t, u, γ ) and μ̄(t) = μ(t)(Q):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d

dt
μ(t)(E) =

∫

Q

B
(
μ̄(t), q

)
γ (q)(E)μ(t)(dq) −

∫

E

D
(
μ̄(t), q

)
μ(t)(dq),

= F(μ(t), γ )(E),

μ(0) = u.

(2)

Here B(μ̄(t), q) and D(μ̄(t), q) represent the reproduction (replication) and mortality rates of 
individuals carrying strategy q when the total population size is μ̄(t) = μ(t)(Q). The proba-
bility kernel γ (q)(E) represents the probability that an individual carrying strategy q produces 
offspring carrying strategies in the Borel set E. We call γ a mutation kernel. We point out that 
selection–mutation models in the spirit of (2) were formulated as density models on the space of 
integrable functions and investigated (e.g., see [11–13]).

The purpose of this paper is to complement the well-posedness theory established in [14] with 
a study of the long-time behavior of solutions to the model (2). In [27], the authors conclude 
that the eventual outcome of the evolutionary process is characterized by some optimization 
principle if and only if the environmental feedback affects fitness in an effectively monotone 
one-dimensional manner. The results in this paper show that, under pure selection evolutionary 
process, (2) falls under the class of models that can be characterized by an optimization principle: 
The outcome is a Dirac measure concentrated at the strategy that maximizes the total population 
size which in turn affects the per capita reproduction and mortality rates in a monotone way. It is 
well known that the solutions of many such models constructed on the state space of continuous 
or integrable functions converge to a Dirac measure concentrated at the fittest strategy or trait 
[2,3,11,12,16,29–31,37].

In [29, Ch. 2], these measure-valued limits are illustrated in a biological and adaptive dynam-
ics environment. This convergence is in the weak∗ topology [3]. Thus, the asymptotic limit of the 
solution is not in such state spaces; it is a measure. Some models (e.g. [2,15,20,30,31,37]) have 
addressed this problem. In [2], the authors formulated a pure selection model on the space of 
finite signed measures with density dependent birth and mortality functions and a 2-dimensional 
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