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Abstract

Singularities of solutions of semilinear parabolic equations are discussed. A typical equation is ∂t u −
�u = up , x ∈ R

N \ {ξ(t)}, t ∈ I . Here N ≥ 2, p > 1, I ⊂ R is an open interval and ξ ∈ Cα(I ; RN) with 
α > 1/2. For this equation it is shown that every nonnegative solution u satisfies ∂tu − �u = up + �

in D′(RN × I ) for some measure � whose support is contained in {(ξ(t), t); t ∈ I }. Moreover, if 
(N − 2)p < N , then u(x, t) = (a(t) + o(1))�(x − ξ(t)) for almost every t ∈ I as x → ξ(t), where �
is the fundamental solution of Laplace’s equation in RN and a is some function determined by �.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is concerned with semilinear parabolic equations including the following problem.

∂tu − �u = up, x ∈ � \ {ξ(t)}, t ∈ I. (1.1)
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Here p > 1, � ⊂ R
N is a smooth domain, I ⊂ R is an open interval and ξ : I → � is a con-

tinuous curve. Only in this introduction, we assume that N ≥ 3 and that ξ is smooth enough. 
An exceptional point x = ξ(t) in the equation (1.1) is called a time-dependent singularity. In 
this paper, we are interested in the precise behavior of solutions of (1.1) at the time-dependent 
singularity.

A fundamental problem concerning time-dependent singularities is to find a condition for 
the removability of the singularities. It was shown that a solution u of the homogeneous linear 
heat equation in 

⋃
t∈I ((� \ {ξ(t)}) × {t}) is smoothly extended to � × I if and only if u(x, t) =

o(|x −ξ(t)|2−N) locally uniformly for t ∈ I as |x −ξ(t)| → 0 (see [15,16,28]). In [14], this result 
was verified also for nonlinear equations including (1.1), provided that p < psg := N/(N − 2)

and ξ(t) ≡ 0. We remark that the exponent psg is a threshold for the existence of an explicit 
singular steady state of (1.1). Indeed, one can easily check that the function L|x|−2/(p−1) is a 
stationary solution of (1.1) with ξ(t) ≡ 0 if p > psg , where the constant L is given by

L :=
{

2

p − 1

(
N − 2 − 2

p − 1

)} 1
p−1

. (1.2)

This particularly shows that the condition u(x, t) = o(|x − ξ(t)|2−N) (|x − ξ(t)| → 0) is not 
sufficient for removability if p > psg and ξ(t) ≡ 0.

Another problem is the existence of solutions with a time-dependent singularity. In the case 
where p < psg , ξ(t) ≡ 0, I = (0, ∞) and � is bounded, the existence of a positive solution u
of (1.1) satisfying u|∂�×I = 0 and limx→0 u(x, t) = +∞ (t ∈ I ) was shown in [29]. The case 
where ξ is nonconstant was first considered in [25]. It was proved that if psg < p < p∗ :=
(N + 2

√
N − 1)/(N − 4 + 2

√
N − 1), � = R

N , I = (0, T ) and T > 0 is small enough, then 
there is a positive solution u of (1.1) such that

u(x, t) = (L + o(1))|x − ξ(t)|− 2
p−1 for every t ∈ I as x → ξ(t). (1.3)

In [26], the existence of a solution satisfying (1.3) for I = (0, ∞) was studied. Recently, a so-
lution with a time-dependent singularity was constructed in the Navier–Stokes system (see 
[20]).

The problem in this paper is to find all possible behaviors of solutions of (1.1) at the time-
dependent singularity. To approach this problem, we first prove that every nonnegative classical 
solution u of (1.1) is extended as a distributional solution of ∂tu − �u = up + � in D′(� × I ), 
where � is some measure whose support is contained in {(ξ(t), t); t ∈ I } (see Theorem 2.1). 
We then observe that the behavior at the time-dependent singularity is governed by the mea-
sure �, provided that p < psg . In fact, there is a function a ∈ L1

loc(I ) determined by � such that 
u(x, t) = (a(t) + o(1))|x − ξ(t)|2−N for almost every t ∈ I as x → ξ(t) (see Theorem 2.3). In 
addition, we also study the properties of the measure � (see Theorem 2.2).

This paper is organized as follows. In Section 2, we state main results and remark relations 
between the results and previous works. In Section 3, we examine a solution of the linear heat 
equation having a time-dependent singularity. We will utilize this solution not only to analyze 
the behavior of solutions of (1.1), but also to construct suitable test functions used in showing 
the existence of the measure �. Sections 4–6 are devoted to proving the results.
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