Available online at www.sciencedirect.com

Journal of

CrossMark SClenceD|reCt Differential
Ll Equations
ELSEVIER J. Differential Equations 260 (2016) 6267-6321 _——

www.elsevier.com/locate/jde

Bifurcation points of a singular boundary-value problem
on (0, 1)

Charles A. Stuart

Station 8, Section de mathématiques, EPFL, CH 1015, Lausanne, Switzerland
Received 11 November 2015
Available online 8 January 2016

Abstract

Following earlier work on some special cases [17,11] and on the analogous problem in higher dimensions
[10,20], we make a more thorough investigation of the bifurcation points for a nonlinear boundary value
problem of the form

—{A@U )Y = fOh,x,ux),u’ (x)) for0<x < 1,
1
/A(x)u’(x)zdx <ooand u(l) =0,
0

where, forall A e Rand x € (0, 1), f(, x,0,0) =0 and
93f(A,x,0,0)=1—V(x)and 94 f(%,x,0,0) =0,
so that the formal linearization about a trivial solution u = 0 is
—{A)V @)Y + V(x)v(x) =rv(x) for0 < x < 1.

Even when f is a smooth function of all its variables, standard bifurcation theory does not apply to the
problem and the results differ from the usual conclusions. This is because we deal with the case where the
coefficient A has a critical degeneracy as x — 0 in the sense that
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A
A € C([0,1]) with A(x) > 0 for x € (0, 1] and lim % =a>0.
x—0 x

It was observed in [17.11] that if the exponent 2 is replaced by a value less than 2 then classical bifurcation
theory can be used to treat the problem. The paper [17] deals with the case f (A, x, s, ) = Asins whereas
[11] covers the more general form f (X, x,s,t) = AF(s). Here we admit a much broader class of nonlin-
earities and some new phenomena appear. In particular, we encounter situations where bifurcation does not
occur at a simple eigenvalue of the linearization lying below the essential spectrum.
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1. Introduction

This paper concerns the following boundary value problem,

—(AuY +Vu+n(x,u')y+gx,u) =ru+h(x,u)} for0 <x <1, (1.1)
1

u()=0 and /A(u/)zdx <00, (12)
0

for an unknown function u such that u € C1((0, 1]) and Au’ is absolutely continuous on the
compact subsets of (0, 1]. It is singular at x = 0 because we suppose that

(A) A € C([0, 1]) with A(x) > 0 for x > 0 and lim,_,¢ 4% = a > 0.

x2

Hence there exist constants C, > C1 > 0 such that

Cix? < A(x) < Cox? forall x € [0, 1]. (1.3)
As we show in Section 2, (A) and the conditions (1.2) imply that u € L%(0,1).
The nonlinear terms 7, g and & are of higher order in the sense that

.oon(x,s) . glx,s) . h(x,s)
Iim —=Ilim~—=1lim —— =
s—0 S s—0 S s—0 S

0

and they satisfy some additional conditions introduced in Section 3. The potential V is such that
(V) V € L®(0, 1) and there exists V € R such that

lim ||V — VO”LOC((),z) = 0
z—0
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