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Abstract

In this paper we introduce the differential system obtained by mixing an evolution equation and a varia-
tional inequality ((EEVI), for short). First, by using KKM theorem and monotonicity arguments, we prove 
the superpositional measurability and upper semicontinuity for the solution set of a general variational 
inequality. Then we establish that the solution set of (EEVI) is nonempty and compact. Our approach is 
based on the theory of semigroups, Filippov implicit function lemma and fixed point theory for set-valued 
mappings.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we formulate a new type of problems that consists of an evolution equation 
driven by a variational inequality ((EEVI), for short)
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ẋ(t) = Ax(t) + f (t, x(t), u(t)), t ∈ [0, T ],
u(t) ∈ S(K,g(t, x(t), ·),φ), t ∈ [0, T ],
x(0) = x0,

(1.1)

where S(K, g(t, x(t), ·), φ) stands for the solution set of the variational inequality ((VI), for 
short): find u : [0, T ] → K such that

〈g(t, x(t), u(t)), v − u(t)〉 + φ(v) − φ(u(t)) ≥ 0, ∀v ∈ K. (1.2)

Here, for real Banach spaces E and E1, K is a convex subset of E1, A : D(A) ⊂ E → E is 
the infinitesimal generator of a C0-semigroup eAt in E, φ : E1 → (−∞, +∞] is a convex lower 
semicontinuous �≡ +∞ functional, and f : [0, T ] × E × E1 → E and g : [0, T ] × E × K → E∗

1
are fixed mappings.

The solutions of problem (EEVI) are understood in the following mild sense.

Definition 1.1. A pair of functions (x, u), with x ∈ C([0, T ]; E) and u : [0, T ] → K measurable, 
is said to be a mild solution of problem (EEVI) if

x(t) = eAtx0 +
t∫

0

eA(t−s)f (s, x(s), u(s))ds, t ∈ [0, T ],

and u(s) ∈ S(K, g(s, x(s), ·), φ), s ∈ [0, T ]. If (x, u) is a mild solution of problem (EEVI), then 
x is called the mild trajectory and u the variational control trajectory.

Regarding problem (EEVI), we point out that aspects related to it have been until now exam-
ined only in a finite dimensional context when E = R

n, E1 = R
m, A = 0 (see Gwinner [6,7], 

Li, Huang and O’Regan [12], Pang and Stewart [18]). A special mention deserve the results in 
Liu, Loi and Obukhovskii [14], which are devoted to the case E = R

n, E1 = R
m, A = 0, and 

f (t, x(t), u(t)) = g(t, x(t)) + B(t, x(t))u(t). Actually, in these works an ordinary differential 
equation is parameterized by an algebraic variable required to solve a finite-dimensional vari-
ational inequality in the state variable of the differential equation. Such problems taking into 
account simultaneously both dynamics and constraints in the form of inequalities arise in various 
situations such as electrical circuits with ideal diodes, Coulomb friction problems for contacting 
bodies, economical dynamics, dynamic traffic networks, control systems. For more details we 
refer to [1,2,6–9,12–14,17–19].

The purpose of the present paper is to investigate the properties of solution set for the general 
problem (EEVI). The main point is that (EEVI) is described by a partial differential equa-
tion (1.1), with A for example the Laplace operator, subject to an infinite-dimensional variational 
inequality (1.2). This incorporates large classes of problems and models and here we extend the 
previous works dealing with such type of problems.

First, we prove essential properties as the superpositional measurability and upper semicon-
tinuity for the solution set of a general variational inequality. Then we establish our main result 
stating that the solution set of problem (EEVI) is nonempty and compact. In our approach we 
make use of various analytical and topological tools such as KKM theorem, monotonicity, theory 
of semigroups, measure of noncompactness, Filippov implicit function lemma and fixed points 
for set-valued mappings.
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