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Abstract

For analytic differential systems X = Ax + f(x) in F” with F =R or C, we study the varieties of their
partial integrability in a neighborhood of the origin. We also prove the existence of analytic normalizations
of partially integrable differential systems.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction and statement of the main results

For an analytic differential system

dx . n
E:x:Ax-l—f(x):F(x), x e, (D
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with A € M, (F) and f(x) = o(|x|) an n dimensional vector valued analytic function, the prob-
lem on its integrability at the origin is classical [1,10,11] and has attracted lots of attention, see
e.g. [4,6,8,12,13,15-17] and the references therein. Here M, (F) represents the set of all n x n
matrices with entries in . In what follows we denote by X the vector field associated to sys-
tem (1).

In the study of locally analytic integrability of analytic differential systems around a singu-
larity, the theory of Poincaré—Dulac normal forms has been playing an important role. Poincaré—
Dulac normal form theorem states that if A is in Jordan normal form, and f(x) is analytic or
a formal series, then system (1) can be transformed to its Poincaré—Dulac normal form by a
near identity transformation (analytic or formal). Recall that system (1) is in Poincaré—Dulac
normal form if A is in Jordan normal form and any monomial x”e; in the jth component of

f(x) is resonant, i.e. {m, A) = A, where A is the n-tuple of eigenvalues of A, x™ =x|""...x;"
forx = (x1,...,x,) and m = (my, ..., my) € Z'} with Zy =NU{0}, and (-, -) denotes the inner

product of two vectors. A near identity transformation is the one of the form x =y 4 ¢(y) with
p=o(ly.

The origin of system (1) is a nondegenerate singularity if the n-tuple of eigenvalues A of A
are all not zero. In the case when system (1) is a two dimensional one, the origin is monodromic
if all orbits near it are either ovals or spiral around it. One of classical results of Poincaré and
Lyapunov provides an equivalent characterization for the origin of the planar differential system
(1) to be a center.

Theorem A. Assume that the origin of the planar analytic differential system (1) is nondegen-
erate and monodromic. Then the origin is a center if and only if the system has an analytic first
integral in a neighborhood of the origin, and if and only if the system is locally analytically
equivalent to its Poincaré—Dulac normal form.

A similar result for a saddle of planar analytic Hamiltonian systems was obtained by
Moser [9]. Some recent generalizations of Theorem A to any finite dimensional analytic dif-
ferential systems (1) can be found in [4,8,16,17].

When system (1) is a real planar and analytic one with the origin monodromic and nondegen-
erate, after an invertible linear change of coordinates it can be written in the form

o0 o0
. k. . k
X1=—x2+ E ks XXy, Xo=x2+ E BrsX(X5. 2)
k4s=2 k4+s=2

Straightforward calculations show that there exists an analytic function or a formal series V (x)
such that

X(V)=Y c;j(xf+x3),

j=m

with 2 <m < 00, and c¢; (s, Brs) real functions in the coefficients ays and Biy of system (2). If
m = oo then V is an analytic or a formal first integral of system (2). It was shown by Poincaré
and Lyapunov that if for some values of oy and f;, all ¢; are equal to zero then all trajectories
in a neighborhood of the origin are ovals (system (2) has a center at the origin). If thereisac; # 0
then all trajectories near the origin spiral (system (2) has a focus at the origin). This geometric
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