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Abstract

We develop an index theory for linear self-adjoint operator equation with the linear self-adjoint opera-
tor having no compact resolvent. As applications, we consider the existence and multiplicity of periodic 
solutions of wave equations and beam equations.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Many problems can be displayed as a self-adjoint operator equation

Au = F ′(u), u ∈ D(A) ⊂ H, (O.E.)
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where H is an infinite-dimensional separable Hilbert space, A is a self-adjoint operator on H
with its domain D(A), F is a nonlinear functional on H , such as Dirichlet problem for Laplace’s 
equation on bounded domain, periodic solutions of Hamiltonian systems, Schrödinger equation, 
periodic solutions of wave equation and so on. By variational method, we know that the solutions 
of (O.E.) correspond to the critical points of a functional on a Hilbert space. So we can transform 
the problem of finding the solutions of (O.E.) into the problem of finding the critical points of 
a functional. Many theories have been developed to do so. Among these theories, Morse theory 
is one of the remarkable theories, and it has a great advantage in displaying the relationship 
between the global and local behavior of the functional. Morse theory can be used directly in 
Dirichlet problem for Laplace’s equation on bounded domain and periodic solutions of second 
order Hamiltonian systems, since the Morse indices of the critical points are finite. But for the 
problems of periodic solutions of first order Hamiltonian systems, Schrödinger equations, wave 
equations, Morse theory cannot be used directly because in these situations the functionals are 
strongly indefinite in the sense that they are unbounded from above and below and the Morse 
indices at the critical points of these functionals are infinite. Fortunately, some methods have been 
developed to deal with these situations, such as Galerkin approximation methods, saddle point 
reduction (a kind of Lyapunov–Schmidt procedure, see e.g. Amann [2], Amann and Zehnder 
[4] and Chang [9]), dual variational methods and convex analysis theory (see e.g. Aubin and 
Ekeland [5], Ekeland [14], Ekeland and Temam [17]). By these methods, the solutions of (O.E.)
correspond to the critical points of functionals with finite relative Morse indices, then we can use 
Morse theory to find the solutions of (O.E.).

Related to Morse theory, the index theory is worth to note here. By the work [13] of I. Ekeland, 
an index theory for convex linear Hamiltonian systems was established. By the works [7,28–30]
of Conley, Zehnder and Long, an index theory for symplectic paths was introduced. These index 
theories have important and extensive applications, e.g. [11,15,16,25,33]. In [31,32] Long and 
Zhu defined spectral flows for paths of linear operators and redefined Maslov index for symplec-
tic paths. Additionally, Abbondandolo defined a relative Morse index for Fredholm operator with 
compact perturbation (see [1] and the references therein). Chen and Hu defined the Maslov index 
for homoclinic orbits in [6]. In the study of the L-solutions (the solutions starting and ending 
at the same Lagrangian subspace L) of Hamiltonian systems, the second author of this paper 
introduced in [23] an index theory for symplectic paths using the algebraic methods and gave 
some applications in [23,24]. Then this index had been generalized by the authors of this paper 
and Lin in [26].

In addition to the above index theories defined for specific forms, Dong in [12] developed 
an index theory for abstract operator equations (O.E.). As an essential condition, he assumed 
that the embedding D(A) ↪→ H was compact. As applications, he considered the second order 
Hamiltonian systems, elliptic partial differential equations and first order Hamiltonian systems. 
Recently, the authors of this paper in [37,38] defined their index theory for abstract operator 
equations (O.E.) by relative Fredholm index and spectrum flow. We also needed the condition 
of compact embedding D(A) ↪→ H . As applications, we considered delay differential system 
and a kind of infinite dimensional Hamiltonian systems. But for the cases of wave equations, 
beam equations and so on, the above two index theories will not work, since the corresponding 
operators have essential spectrum and the condition of compact embedding will not be satisfied.

In order to overcome this difficulty, in this paper, we will develop a new index theory for 
(O.E.) where the essential spectrum of operator A may not be empty and show that this index 
theory is a natural generalization of the above two index theories, i.e., these index theories will 
coincide with each other up to a constant when the operator A has no essential spectrum.
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