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Abstract

In this paper, we consider an indefinite fractional elliptic problem. A corresponding Liouville-type 
theorem is established. Furthermore, we obtain a priori estimate for solutions in a bounded domain by 
blowing-up and rescaling. We also classify the solutions of some degenerate elliptic equation originated 
from the fractional Laplacian.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The fractional Laplacian has attracted much attention recently. It has applications in mathe-
matical physics, biological modeling, mathematical finances, and so on. Especially, it appears 
in turbulence and water wave, anomalous dynamics, flames propagation, chemical reactions in 
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liquids, population dynamics, geophysical fluid dynamics, and American options in finance. It 
also has connections to conformal geometry, e.g. [6].

The fractional Laplacian in Rn is a pseudo differential operator defined as

(−�)
α
2 u = Cn,αP .V .

∫
Rn

u(x) − u(y)

|x − y|n+α
dy, (1.1)

where P.V . stands for the Cauchy principle value. Another equivalent definition is given by the 
Fourier transform, that is,

̂
(−�)

α
2 u(ξ) = |ξ |αû(ξ),

for functions u(x) in the Schwartz class. Observe that the above definitions are nonlocal. To 
circumvent this, Caffarelli and Silvestre [8] introduced a local realization through the Dirichlet–
Neumann map of an appropriate degenerate elliptic operator in Rn+1+ . Based on this extension, 
we are able to study the fractional Laplacian (−�)

α
2 in a local way and to use the existing tools 

for semilinear elliptic equations. More precisely, if u ∈ H
α
2 (Rn), then w is its extension in Rn+1+ , 

if it solves the equation

−div(y1−α∇w) = 0 in R
n+1+ ,

w = u on Rn × {y = 0}.

It is shown in [8] that

− lim
y→0+ y1−α ∂w

∂y
(x, y) = kα(−�)

α
2 u(x),

where the constant

kα = 21−α�(1 − 1
2α)

�( 1
2α)

.

For a bounded domain, there are several ways to define fractional Laplacians, which coincide 
when the domain is the entire Euclidean space, but can otherwise be quite different. Among 
those, one is still defined by integral (1.1), and another one is defined by the eigenvalues of 
the Laplacian in the same domain as introduced in [9] for the case α = 1 and in [3] for its 
generalization to 0 < α < 2.

Let {λk, φk}∞k=1 be the eigenvalues and corresponding eigenfunctions of the Laplace operator 
−� in � with zero Dirichlet boundary values:

{ −�φk = λkφk in �,

φk = 0 on ∂�
(1.2)

such that ‖φk‖L2(�) = 1 and 0 < λ1 < λ2 ≤ λ3 ≤ · · · .
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