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Abstract

The number of critical periodic orbits that bifurcate from the outer boundary of a potential center is stud-
ied. We call this number the criticality at the outer boundary. Our main results provide sufficient conditions
in order to ensure that this number is exactly 0 and 1. We apply them to study the bifurcation diagram of the
period function of X = —ydy + ((x + 1)? — (x + 1)9)d, with ¢ < p. This family was previously studied
for ¢ = 1 by Y. Miyamoto and K. Yagasaki.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction and setting of the problem

In this paper we study planar differential systems

{ x=f(x,y),
y=g(x,y),
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where f and g are analytic functions on some open subset U of R?. A singular point p € U of
the vector field X = f(x, y)dx + g(x, y)dy is a center if it has a punctured neighbourhood that
consists entirely of periodic orbits surrounding p. The largest punctured neighbourhood with this
property is called the period annulus of the center and it will be denoted by 2. Henceforth 9 &
will denote the boundary of 7 after embedding it into RIP?. Clearly the center p belongs to 8.2,
and in what follows we will call it the inner boundary of the period annulus. We also define the
outer boundary of the period annulus to be IT := 92 \ {p}. Note that I is a non-empty compact
subset of RIP?. The period function of the center assigns to each periodic orbit in # its period.
If the period function is constant, then the center is said to be isochronous. Since the period
function is defined on the set of periodic orbits in &7, in order to study its qualitative properties
usually the first step is to parametrize this set. This can be done by taking an analytic transverse
section to X on 22, for instance an orbit of the orthogonal vector field X . If {¥s}se(,1) s such
a parametrization, then s —> T (s) := {period of ys} is an analytic map that provides the qual-
itative properties of the period function that we are concerned about, in particular the existence
of critical periods, which are isolated critical points of this function, i.e. § € (0, 1) such that
T'(s) =a(s — )+ 0((s — §)k) with @ # 0 and k > 1. In this case we shall say that y; is a criti-
cal periodic orbit of multiplicity k of the center. One can readily see that this definition does not
depend on the particular parametrization of the set of periodic orbits used. Critical periodic orbits
in the study of the period function play an equivalent role to limit cycles, which is a fundamental
notion in qualitative theory of differential systems in the plane.

Suppose now that the vector field X depends on a parameter u € A, where A is an open
set of R, Thus, for each u € A, we have an analytic vector field X, defined on some open
subset Uy, of RR?, with a center at pu- Concerning the regularity with respect to the parameter, we
shall assume that {X,},c is a continuous family of planar vector fields, meaning that the map
(x,y, ) —> X, (x,y) is continuous on the subset {(x, y, u); u € A and (x, y) € U,} of R4+2,
Fix i € A and, following the notation introduced previously, let I1; be the outer boundary of the
period annulus &, of the center at p; of X ;. The aim of the present paper is to provide tools
in order to study the following bifurcation problem: which is the number of critical periodic
orbits that can emerge or disappear from IT;; as we move slightly the parameter 1 A~ [i? We shall
call this number the criticality of the outer boundary of the period annulus. In order to define it
precisely we adapt the notion of cyclicity (cf. [1,2]), which is its counterpart in the study of limit
cycles.

Definition 1.1. We define the criticality of the pair (IT;, X ;) with respect to the deformation X,
to be Crit((T;, X), Xu) :=infs ¢ N(3, €), where

N (8, €) = sup {number of critical periodic orbits y of X,;: dy(y,T;) < e and || — 2|l <8},
with dy being the Hausdorff distance between compact sets of RP?. O

In other words, what we call the criticality Crit((H i X)), X M) is the maximal number of
critical periodic orbits that tend to I1; in the Hausdorff topology of the non-empty compact
subsets of RP? as u — [

Definition 1.2. We say that 1 € A is a local regular value of the period function at the outer
boundary of the period annulus if Crit((l'[ s Xp), X ,L) = 0. Otherwise we say that it is a local
bifurcation value of the period function at the outer boundary. O
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