Available online at www.sciencedirect.com

Journal of

CrossMark SClenceDlreCt Differential
E = Equations
ELSEVIER J. Differential Equations 259 (2015) 6887-6922 _———

www.elsevier.com/locate/jde

Elliptic and parabolic equations in fractured media

Li-Ming Yeh

Department of Applied Mathematics, National Chiao Tung University, Hsinchu, 30050, Taiwan, ROC
Received 31 October 2014; revised 13 July 2015
Available online 17 August 2015

Abstract

The elliptic and the parabolic equations with Dirichlet boundary conditions in fractured media are con-
sidered. The fractured media consist of a periodic connected high permeability sub-region and a periodic
disconnected matrix block subset with low permeability. Let € € (0, 1] denote the size ratio of the matrix
blocks to the whole domain and let @? € (0, 1] denote the permeability ratio of the disconnected subset to
the connected sub-region. It is proved that the W !-7 norm of the elliptic and the parabolic solutions in the
high permeability sub-region are bounded uniformly in w, €. However, the WP norm of the solutions in
the low permeability subset may not be bounded uniformly in w, €. For the elliptic and the parabolic equa-
tions in periodic perforated domains, it is also shown that the W1 norm of their solutions are bounded
uniformly in €.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The W7 estimates for the solutions of the elliptic and the parabolic equations with Dirich-
let boundary conditions in fractured media are concerned. The problem arises from two-phase
problems, flows in fractured media, and the stress in composite materials (see [3,9,15]). Let
be a smooth simply-connected domain in R” for n > 3, 92 be the boundary of 2, Y = (0, 1)"
consist of a smooth sub-domain Y,, completely surrounded by another connected sub-domain
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Y (= Y\ 7Y,), € €(0,1], QQe) = {x € Q: dist(x, IQ) > 2¢}, Qu={x:xeelm+))C
Q2 (2¢) for some j € Z"} be a disconnected subset of €2, Q; (= Q\ ) denote a connected

) 1 ifx € Q
sub-region of 2, and K, ((x) = ) / for any v, € > 0.
v ifxeQ

The elliptic equation that we consider is
V- K VU+G)=F in(Q, (L.1)
U=0 on 92, '

where w, € € (0, 1] and G, F are given functions. If G, F are bounded, a solution of (1.1) in
Hilbert space H ' () exists uniquely for each w, € by Lax-Milgram Theorem [12]. The L? norm

of the gradient of the solution of (1.1) in the connected sub-region Q} is bounded uniformly in

w, € if G, F are small in Q. However, the L? norm of the gradient of the solution of (1.1) in
matrix blocks ¢, can be very large when w closes to 0. The parabolic equation that we consider
is, for any w, € € (0, 1],

wU—-V- K, VU)=F inQx(0,7),
U=0 on 92 x (0, 7), (1.2)
U(x,0) =Up(x) in Q.

If F, Uy are smooth, a solution of (1.2) in Hilbert space L2([0, T1; HY(Q)) exists uniquely for
each w, €. The L? norm of the gradient of the solution of (1.2) in the connected sub-region
Q? x (0, T) is bounded uniformly in w, € if F is small in 5, x (0, T'). However, the L? norm
of the gradient of the solution of (1.2) in matrix blocks 2, x (0, T') can be very large when w
closes to 0. One also notes that for the elliptic and the parabolic equations in periodic perforated
domains, the H! norm of their solutions are bounded uniformly in €.

There are some literatures related to this work. Lipschitz estimate and W27 estimate for
uniform elliptic equations with discontinuous coefficients had been proved in [15,18]. Uniform
Holder, W7, and Lipschitz estimates for uniform elliptic equations with Hélder periodic coeffi-
cients were shown in [4,5]. Uniform W -7 estimate for uniform elliptic equations with continuous
periodic coefficients was considered in [6] and the same problem with VMO periodic coefficients
could be found in [22]. Uniform W!:? estimate for the Laplace equation in periodic perforated
domains was considered in [19] and the same problem in Lipschitz estimate was studied in [21].
Uniform Holder, W7, and Lipschitz estimates in € for uniform parabolic equations with oscil-
lating periodic coefficients were obtained in [ 10]. For non-uniform elliptic equations with smooth
periodic coefficients, existence of C 2.« golution could be found in [13]. Uniform Holder estimate
in € for non-uniform parabolic equations with discontinuous periodic coefficients was shown
in [23].

Here we present uniform W! 7 estimate for the solutions of the non-uniform elliptic and the
non-uniform parabolic equations with Dirichlet boundary conditions in fractured media. It is
proved that the W'? norm of the elliptic and the parabolic solutions in the high permeability
sub-region Q; are bounded uniformly in w, €. However, the solutions in the low permeability
subset may not be bounded uniformly in w, €. For the elliptic and the parabolic equations in
perforated domains, it is also shown that the W17 norm of their solutions are bounded uniformly
in €. A three-step compactness argument introduced in [4,5] will be employed to obtain the
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