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Abstract

In this paper, we use a probabilistic approach to show that there exists a unique, bounded continuous 
solution to the Dirichlet boundary value problem for a general class of second order non-symmetric ellip-
tic operators L with singular coefficients, which does not necessarily have the maximum principle. The 
theory of Dirichlet forms and heat kernel estimates play a crucial role in our approach. A probabilistic 
representation of the non-symmetric semigroup {Tt }t≥0 generated by L is also given.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction and the main theorem

In this paper, we will use probabilistic methods to study the Dirichlet boundary value problem 
for second order elliptic differential operators:{

Lu = 0 in D

u = f on ∂D,
(1.1)
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where D is a bounded connected open subset of Rd . The operator L is given by

Lu = 1

2

d∑
i,j=1

∂

∂xj

(
aij (x)

∂u

∂xi

)
+

d∑
i=1

bi(x)
∂u

∂xi

+ (c(x) − div b̂(x))u, (1.2)

where A(x) = (aij (x))di,j=1 is a Borel measurable, (not necessarily symmetric) matrix-valued 
function on D satisfying

λ|ξ |2 ≤
d∑

i,j=1

aij (x)ξiξj for any ξ = (ξi)
d
i=1 ∈ R

d, x ∈ D (1.3)

and

|aij (x)| ≤ 1

λ
for any x ∈ D, 1 ≤ i, j ≤ d (1.4)

for some constant 0 < λ ≤ 1; b = (b1, . . . , bd)∗ and b̂ = (b̂1, . . . , b̂d )∗ are Borel measur-
able Rd -valued functions on D and c is a Borel measurable function on D satisfying |b|2 ∈
Lp∨1(D; dx), |b̂|2 ∈ Lp∨1(D; dx) and c ∈ Lp∨1(D; dx) for some constant p > d/2. Hereafter 
we use ∗ to denote the transpose of a vector or matrix, and use | · | and 〈·, ·〉 to denote respectively 
the standard norm and inner product of the Euclidean space Rd .

In (1.1), Lu = 0 in D is understood in the distributional sense:

u ∈ H 1,2(D) and E(u,φ) = 0 for every φ ∈ C∞
0 (D),

where H 1,2(D) is the Sobolev space on D with norm

‖f ‖H 1,2 :=
⎛⎝∫

D

|∇f (x)|2dx +
∫
D

|f (x)|2dx

⎞⎠1/2

,

C∞
0 (D) is the space of infinitely differentiable functions with compact support in D, and 

(E, D(E)) is the bilinear form associated with L:

E(u, v) = 1

2

d∑
i,j=1

∫
D

aij (x)
∂u

∂xi

∂v

∂xj

dx −
d∑

i=1

∫
D

bi(x)
∂u

∂xi

v(x)dx

−
d∑

i=1

∫
D

b̂i(x)
∂(uv)

∂xi

dx −
∫
D

c(x)u(x)v(x)dx,

D(E) = H
1,2
0 (D) (1.5)

with H 1,2
0 (D) being the completion of C∞

0 (D) with respect to the Sobolev-norm ‖ · ‖H 1,2 . By 
setting a = I , b = 0, b̂ = 0 and c = 0 off D, we may assume that the operator L is defined on R

d .
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