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Abstract

In this paper, systems of quasilinear elliptic equations are investigated, which involve critical homoge-
neous nonlinearities and deferent Hardy-type terms. By variational methods and careful analysis, positive
minimizers of the related best Sobolev constants are found and the existence of positive solutions to the
systems is verified. The results are new even in the case p = 2.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we mainly study the following system of quasilinear elliptic equations:
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where © € RY is an open bounded domain with smooth boundary such that 0 € Q, A p =
div(]V - [P72V.) is the p-Laplace operator, p* := NN—_pp is the critical Sobolev exponent, Q7 O}
are partial derivatives of the homogeneous C!-function 0(s,1):

O, 1) :=ails|” +azpls|P st +asplt|’ st +aslt|”, (s.0) €R*, p=2,
and the parameters satisfy

(H1) 1<p<N,n>0,0<puy<u; <ﬂ:=(¥)",a,ﬁ> l,a+pB=p*
(H2) a; > 0,1 <i <4, and there exist constants A1, A > 0 such that

A(ul? +wl?) < Qu, v) <xa(jul” +v]?), YV, v)eW x W.

Let W := WS"’(Q) be the completion of C{°(S2) with respect to ([, |V - |” dx)!/”. Energy
functional of (1.1) is defined on the product space W2 := W x W by

1 1
J@u,v):=— /(E(u, v) — Qu,v))dx — — / F(u,v)dx,
pQ P Q
where
wrlul? + palv|?
|x|?

Fu,v) = ul? + [v]”" + plul|v]?.

E(u,v) = [Vul|l +|Vv|? — ,
Then for all p >2, J € C'(W?,R) and (u, v) € W? is said to be a solution to (1.1) if
u,v) #0,0),  (J'(u,v), (9, 9)) =0, ¥(p,¢) e W2,

where J'(u, v) denotes the Fréchet derivative of J at (u, v).
Problem (1.1) is related to the Hardy inequality ([15]):

P 1
ﬂdx < 7/|Vu|pdx, VueC(‘)’O(RN). 1.2)
|x|P H
RN RN
By the Hardy inequality, the operator L = —(A, - +ﬁ| -|P=2.) is positive on W for all u < j&

and the first eigenvalue A(u) of L on W is well defined.

Let D := D"P(R") be the completion of CgO(RN) with respect to (fRN |V - |Pdx)!/P. For
all u < 1, by (H1) and (1.2) the following best Sobolev-type constants are well defined and are
crucial for the study of (1.1):

IVul? — M7 dx
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) (1.3)

(1.4)

By (1.3), for all u € D \ {0}, testing (1.4) with (u, 0) we have S(u1, n2) < S(u1).
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