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Abstract

A class of reaction diffusion equation with spatio-temporal delays is systematically investigated. When
the reaction function of this equation is nonlinear without monotonicity, it is shown that there exists a
spreading speed c* > 0 for this equation such that c* is linearly determinate and coincides with the minimal
wave speed of traveling waves, and that this equation admits a unique traveling wave (up to translation) with
speed ¢ > ¢* and no traveling wave with ¢ < ¢*.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In the study of population dynamics and disease spread, the reaction diffusion equations with
spatially or temporally nonlocal delays are often used to describe biological and physical evolu-
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tion process, see, e.g., [1,2,8,17,18,32,33] and the references therein. In this paper, we consider
a class of reaction diffusion equations with spatio-temporal delays as follows

we(t,x)=DAw(t,x)+ F w(t,x),//K(s,y)f(w(t—s,x—y))dyds ,  (1.1)

0 —o0

where x € R, A is the Laplacian operator on R and D is a positive diffusion coefficient. K is

a kernel function, which is a continuous nonnegative function with (¢, —x) = K(z, x) and
o o0

| | K(s,y)dyds =1; f is Lipschitz continuous on any compact interval in nonnegative real
0 —o0
axis R4 with £(0) =0and f(x) > 0 for x > 0; and F € C*>(R%,R).

Some mathematical models in the literature may be described by (1.1) with appropriate
choices of F, K and f. For example, taking F(x, y) = —g(x) + y, Eq. (1.1) becomes

[ olee]

w(t,x) = DAw(t, x) — g(w(t, x)) +/ / K, y)f(wE —s,x —y))dyds, (1.2)

0 —o0

which was studied as the evolution model of the adult population of a single species with dis-
tributed maturation delay in Gourley and So [18] and Al-Omari and Gourley [2]. Choosing
F(x,y)=—ax+b(l —x)y and f(x) =x, Eq. (1.1) can be reduced to the following vector-
disease model derived by Ruan and Xiao [33]

we(t,x) =DAw(t,x) —aw(t,x)+ b[l — w(t,x)]/ / K(s, y)w(t —s,x — y)dyds.
0 —oo

(1.3)

When F(x,y) = —tx+ftye Y and f(x) = x, (1.1) can be reduced to the Nicholson’s Blowflies
equation with spatio-temporal delays

w(t,x) =DAw(t,x) —tw(t, x) + B[ xw)(t, x)]exp[— (K x w) (¢, x)], (1.4)

which was studied by Li et al. [26] and Lin [25], here (IC % w)(t, x) is defined by

(oo ]

(Kxw)(t,x)= / / K(s, y)w(t —s,x — y)dyds.

0 —o0

If (¢, x) = k(t)5(x) with §(-) is the Dirac delta function, (1.4) can further be reduced to the
distributed time-delayed Nicholson’s Blowflies equation proposed and studied by Gourley [19],
and Gourley and Ruan [20]

we(t,x) = DAw(t,x) —tw(t,x) + Br[(k *w)(t, x)]exp[—(k * w)(z, x)], (1.5)
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