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Abstract

A weighted energy estimate with tangential derivatives on the light cone is applied for the Cauchy prob-
lem of semilinear wave equations with the null conditions in one space dimension. The well-posedness and
lifespan of the solutions are considered based on the vector field method.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Let c > 0, T > 0. Let us consider the Cauchy problem of linear wave equations

{(
∂2
t − c2∂2

x

)
u(t, x) = f (t, x) for (t, x) ∈ [0, T ) ×R,

u(0, ·) = u0(·), ∂tu(0, ·) = u1(·),
(1.1)

where u is the unknown function, f is the inhomogeneous term, u0 and u1 are initial data. The
standard energy estimates show the inequality
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sup
0�t�T

1

2

∫
R

(
∂tu(t, x)

)2 + c2(∂xu(t, x)
)2

dx

� 1

2

∫
R

(
u1(x)

)2 + c2(∂xu0(x)
)2

dx +
T∫

0

∫
R

∣∣∂tu(t, x) · f (t, x)
∣∣dx dt =: E, (1.2)

where we have put the right hand side as E. We put r := |x|, ∂r := (x/|x|)∂x , Dc := ∂t + c∂r

which denotes the tangential derivative on the light cone {(t, x) ∈ (0,∞) × R: ct = |x|}. For
κ � −1, we define a weight function W(cT ,κ) by

W(cT ,κ) :=
{ {1 − (1 + cT )−κ }/κ if κ > 0 or − 1 � κ < 0,

log(1 + cT ) if κ = 0.
(1.3)

We prepare the following weighted energy estimate.

Lemma 1.1. The solution of (1.1) satisfies the estimate

sup
κ∈R

c

12W(cT ,κ)

T∫
0

∫
R

(Dcu(t, x))2

(1 + |ct − r|)1+κ
dx dt � E. (1.4)

The weighted energy estimate (1.4) has been shown by Lindblad and Rodnianski [24, p. 76,
Corollary 8.2] and Alinhac [2, Theorem 1] for three space dimensions (i.e. x ∈ R

3) with κ > 0,
and it plays an important role to control the nonlinear terms which satisfy the null conditions
since it enables us to obtain the decay estimates for waves near the light cone where the singu-
larity propagates.

Remark 1.2. When we consider the application of Lemma 1.1, the simple bounds W(cT ,κ) �
1/κ if κ > 0, W(cT ,κ) � (1+cT )|κ|/|κ| if −1 � κ < 0 are useful (see the proof of Theorem 1.3,
below).

Let us consider the Cauchy problem of nonlinear wave equations as the application of
Lemma 1.1.

{(
∂2
t − c2∂2

x

)
u(t, x) = f (∂tu, ∂xu)(t, x) for (t, x) ∈ [0, T ) ×R,

u(0, ·) = u0(·), ∂tu(0, ·) = u1(·),
(1.5)

where f (∂tu, ∂xu) denotes the nonlinear term dependent on ∂tu and ∂xu. We use the vector fields

∂t , ∂x, Ωc := ct∂x + x

c
∂t , L := t∂t + r∂r , Γc := (∂t , ∂x,Ωc,L), (1.6)

where r := |x|. We put �c := ∂2
t − c2∂2

x and note the commuting properties ∂tΩc = Ωc∂t + c∂x ,
∂xΩc = Ωc∂x +∂t/c, ∂tL = (L+1)∂t , ∂xL = (L+1)∂x , LΩc = ΩcL, �c∂t,x = ∂t,x�c , �cΩc =
Ωc�c , �cL = (L + 2)�c . We denote the size of initial data by
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