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Abstract

We study a nonlinear initial value Cauchy problem depending upon a complex perturbation parameter 
ε with vanishing initial data at complex time t = 0 and whose coefficients depend analytically on (ε, t)
near the origin in C2 and are bounded holomorphic on some horizontal strip in C w.r.t. the space variable. 
This problem is assumed to be non-Kowalevskian in time t , therefore analytic solutions at t = 0 cannot be 
expected in general. Nevertheless, we are able to construct a family of actual holomorphic solutions defined 
on a common bounded open sector with vertex at 0 in time and on the given strip above in space, when the 
complex parameter ε belongs to a suitably chosen set of open bounded sectors whose union form a covering 
of some neighborhood � of 0 in C∗. These solutions are achieved by means of Laplace and Fourier inverse 
transforms of some common ε-depending function on C ×R, analytic near the origin and with exponential 
growth on some unbounded sectors with appropriate bisecting directions in the first variable and exponential 
decay in the second, when the perturbation parameter belongs to �. Moreover, these solutions satisfy the 
remarkable property that the difference between any two of them is exponentially flat for some integer 
order w.r.t. ε. With the help of the classical Ramis–Sibuya theorem, we obtain the existence of a formal 
series (generally divergent) in ε which is the common Gevrey asymptotic expansion of the built up actual 
solutions considered above.
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1. Introduction

In this paper, we consider a family of parameter depending nonlinear initial value Cauchy 
problems of the form

Q(∂z)(∂tu(t, z, ε)) = (Q1(∂z)u(t, z, ε))(Q2(∂z)u(t, z, ε)) +
D∑

l=1

ε�l tdl ∂
δl
t Rl(∂z)u(t, z, ε)

+ c0(t, z, ε)R0(∂z)u(t, z, ε) + f (t, z, ε) (1)

for given vanishing initial data u(0, z, ε) ≡ 0, where D ≥ 2, �l , dl , δl , 1 ≤ l ≤ D are integers 
which satisfy the inequalities

1 = δ1, δl < δl+1, dD = (δD − 1)(k + 1), �D = dD − δD + 1,

dl > (δl − 1)(k + 1), δD ≥ δl + 2

k
, �l + k(1 − δD) + 1 ≥ 0

for all 1 ≤ l ≤ D − 1 and for some integer k ≥ 1. Besides, Q(X), Q1(X), Q2(X), Rl(X), 
0 ≤ l ≤ D are polynomials submitted to the constraints

deg(Q) ≥ deg(RD) ≥ deg(Rl), deg(RD) ≥ deg(Q1), deg(RD) ≥ deg(Q2),

Q(im) �= 0, RD(im) �= 0

for all m ∈ R, all 0 ≤ l ≤ D − 1. The coefficient c0(t, z, ε) and the forcing term f (t, z, ε)
are bounded holomorphic functions on a product D(0, r) × Hβ × D(0, ε0), where D(0, r)
(resp. D(0, ε0)) is a disc centered at 0 with small radius r > 0 (resp. ε0 > 0) and Hβ = {z ∈
C/|Im(z)| < β} is some strip of width β > 0. In order to avoid cumbersome statements and to 
improve the readability of the computations, we have restricted our study to a quadratic non-
linearity and monomial coefficients in t in front of the derivatives with respect to t and z but 
the method described here can also be extended to higher order nonlinearities, with polynomial 
coefficients w.r.t. t in the linear part on the right handside of equation (1).

This work can be seen as a continuation of the study described in [22] where the second author 
has studied nonlinear integro-differential initial values problems with the shape

R(∂z)P (∂t , ∂z)Y (t, z) =
t∫

0

b(t − s, z)∂s0
z Y (s, z)ds +

t∫
0

∂s1
z Y (t − s, z)∂s2

z Y (s, z)ds (2)

where R(X) ∈C[X], P(T , X) ∈ C[T , X] and s0, s1, s2 ≥ 0 are non negative integers. The coeffi-
cient b(t, z) = ∑

k∈I bk(z)t
k is a polynomial in t and its coefficients bk(z) are the Fourier inverse 

transform of some function bk(m) belonging to a Banach space E(β,μ) of continuous functions 
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