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Abstract

In this paper we deal with the existence of traveling waves solutions (t.w.s.) for the reaction–diffusion 
equation

ut = uxx + f (u),

in a very general setting of reaction terms f with two distinguished stationary states, say 0 and 1. We link 
the existence of some type of solutions of the second order ODE

u′′ + cu′ + f (u) = 0,

with the existence of fast t.w.s. By defining fast solutions for this ODE, we find a value cM > 0 related to 
the existence of global fast solutions and determine cM through a variational formula. Our results allow us 
particularly to show that any solution u(x, t) of the reaction–diffusion equation with compactly supported 
initial data and 0 ≤ u(x, 0) ≤ 1, x ∈R, satisfies

lim
t→+∞u(x + ct, t) = 0,

uniformly on compact sets, for all c, |c| > cM .
Finally, we connect cM with the minimum speed of propagation of all t.w.s. c∗.
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1. Introduction

Many phenomena in Biology, Chemistry or Physics dealing with dissipative dynamical sys-
tems are modeled by reaction–diffusion equations that in one-dimensional space may look like

ut = uxx + f (u), (1)

where the function f (u) represents the kinetics. For many applications f (u) is a nonlinear func-
tion which vanishes at two distinguished points, say 0 and 1, and only solutions between these 
two stationary states are interesting.

One of the simplest cases is when f (u) = au(1 − u), a > 0. This reaction term was used 
by Fisher [9] in the 1930’s to study the propagation of a dominant gene in a population. In this 
case, u(x, t) represents the concentration of population with the chosen gene in the point x at 
the instant t , so that only solutions of (1) between the two stationary states u = 0 and u = 1 are 
interesting.

When there is no diffusion and u(x, t) is a function of t , equation (1) becomes the first order 
ordinary equation

u′ = f (u). (2)

It is well known that any solution of (2) with

0 ≤ u ≤ 1 (3)

is defined on all the real line and has a simple dynamic:

lim
t→±∞u(t) = α±,

where α± are stationary states of the equation, that is, f (α±) = 0.
The appearance of diffusion entails a greater complexity on the dynamic of the equation. 

Nowadays it is well known that the asymptotical behavior of the solutions of (1) is closely related 
to the existence of traveling waves (or fronts) connecting two stationary states. By a traveling 
wave solution (t.w.s.) we mean a solution of (1) and (3) of the form u(x, t) = u(x − ct), for some 
constant c.

The function u(ζ ) is called the profile of the wave and c is also an unknown constant which is 
usually referred to as the speed of propagation.

Fisher, in [9], showed that equation (1) with f (u) = au(1 − u) has t.w.s. moving with speed 
c for all c ≥ c∗ = 2

√
a. In their classical paper [13], Kolmogorov, Petrovsky and Piscounoff 

considered reaction terms f ∈ C1 satisfying f ′(0) > 0, f ′(u) ≤ f ′(0), f (u) > 0, u ∈ (0, 1). 
They proved the existence of a number c∗ = 2

√
f ′(0) so that equation (1) possesses t.w.s. moving 

with speed c for all c, |c| ≥ c∗. Moreover, they also proved that the solution of (1) satisfying 
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