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Abstract

In this paper, we first consider the free boundary problem for a simplified version of Ericksen–Leslie 
equations modeling the compressible hydrodynamic flow of nematic liquid crystals in dimension one which 
connects continuously to vacuum. We obtain the existence of global weak solutions. Furthermore, we es-
tablish the life-span of smooth solutions to the compressible nematic liquid crystal model with the support 
of density growing sublinearly in time direction.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider one-dimensional free boundary problem for compressible nematic 
liquid crystal flow which connects continuously to vacuum. The problem consists of the follow-
ing equations for unknown functions (ρ, u, n) : [a(t), b(t)] × [0, +∞) → R+ ×R × S2:
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for (x, t) ∈ (a(t), b(t)) × (0, +∞) with the initial conditions:

(ρ,u,n)|t=0 = (
ρ0(x), u0(x), n0(x)

)
in

[
a(0), b(0)

]
, (1.2)

where n0(x) : [a(0), b(0)] → S2, the unit sphere in R3. Here, a(t) and b(t) are the free bound-
aries, i.e., the interface of the material of liquid crystal and vacuum, satisfying⎧⎪⎪⎨⎪⎪⎩

da(t)

dt
= u

(
a(t), t

)
, t ≥ 0, a(0) = a0 (a0 > 0),

db(t)

dt
= u

(
b(t), t

)
, t ≥ 0, b(0) = b0 (b0 > 0).

(1.3)

It is interesting to study the case when ρ0 is compactly supported and connects to vacuum con-
tinuously. In this case, the boundary conditions should be

ρ
(
a(t), t

) = ρ
(
b(t), t

) = 0 (1.4)

for t ≥ 0. Here ρ denotes the density, u denotes the velocity field, n denotes the macroscopic 
average of the nematic liquid crystal orientation field that is a unit vector (i.e., |n| = 1), μ > 0, 
λ > 0, θ > 0 are viscosity of the fluid, competition between kinetic and potential energy, and 
microscopic elastic relaxation time respectively. P = P(ρ) is the pressure. For simplicity, we 
assume that P = Aργ for some constants γ > 1 and A > 0.

The nematic liquid crystal flow is described by a system that couples a forced Navier–Stokes 
equations with the transported flow of harmonic maps. There have been many works interested 
in the free boundary problem of compressible Navier–Stokes equations. The first consideration 
is the case when the viscosity coefficient μ is a constant and the initial density is away from 
vacuum, the global existence of unique solution was established by Kazhikhov [14] and then the 
asymptotic behavior of the solution was studied by Okada [22] in one dimension. After that, the
free boundary problem with one boundary fixed and the other connected to vacuum was investi-
gated in [23] where the global existence of the weak solutions was proved. Similar results were 
obtained in [24] for the spherically symmetric motion. A further understanding of the regularity 
and behavior of solutions near the interfaces between the gas and vacuum was given in [20].

The second consideration is the case when the viscosity μ depends on the density ρ (i.e., 
μ(ρ) = Aρα). If the density function connects to vacuum with jump discontinuities, the lo-
cal existence of weak solutions to Navier–Stokes equations with vacuum was studied in [19]. 
Jiang in [12] proved the global existence of smooth solutions provided that 0 < α < 1

4 . Okada, 
Matušu̇-Nec̆asová and Makino [25] obtained the existence of global weak solutions for 0 <
α < 1

3 . Their result was generalized to the case 0 < α < 1
2 by Yang, Yao and Zhu [30]. In [25,30], 

the initial data are required to satisfy ρ0, ∂xu0 ∈ Lip(I ). Then, Jiang, Xin and Zhang [13] ex-
tended the results in [25,30] to the case 0 < α < 1 with initial data satisfying ρ0 ∈ W 1,p(I ) and 
u0 ∈ Lp(I) for some p. Furthermore, they proved the uniqueness provided that u0 ∈ H 1(I ). 
Concerned with the dynamical behaviors, the interested readers can refer to [16] and references 
therein.
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