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Abstract

In this paper, we focus on the dynamics for a Lotka–Volterra type weak competition system with two 
free boundaries, where free boundaries which may intersect each other as time evolves are used to describe 
the spreading of two competing species, respectively. In the weak competition case, the dynamics of this 
model can be classified into four cases, which forms a spreading–vanishing quartering. The notion of the 
minimal habitat size for spreading is introduced to determine if species can always spread. Some sufficient 
conditions for spreading and vanishing are established. Also, when spreading occurs, some rough estimates 
for spreading speed and the long-time behavior of solutions are established.
© 2015 Elsevier Inc. All rights reserved.

MSC: 35K51; 35R35; 92B05

Keywords: Competition–diffusion model; Free boundary problem; Spreading–vanishing quartering; The minimal 
habitat size

1. Introduction

In this paper, we study the dynamics for a Lotka–Volterra type competition system with two 
free boundaries introduced in [10], where the two free boundaries are used to describe the spread-
ing fronts of two competing species, respectively. The interaction between two competing species 
is formulated as the following free boundary problem (P):
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ut = d1uxx + r1u(1 − u − kv), 0 < x < s(t), t > 0, (1.1)

vt = d2vxx + r2v(1 − v − hu), 0 < x < σ(t), t > 0, (1.2)

ux(0, t) = vx(0, t) = 0, t > 0, (1.3)

u ≡ 0 for x ≥ s(t) and t > 0; v ≡ 0 for x ≥ σ(t) and t > 0, (1.4)

s′(t) = −μ1ux(s(t), t); σ ′(t) = −μ2vx(σ (t), t) for t > 0, (1.5)

s(0) = s0, σ (0) = σ0, u(x,0) = u0(x), v(x,0) = v0(x) for x ∈ [0,∞), (1.6)

where u(x, t) and v(x, t) represent the population densities of two competing species at location 
x and time t with diffusion rates d1 and d2, respectively; r1 and r2 represent the intrinsic growth 
rates of species u and v; h and k represent the competition coefficients of species u and v; 
the parameters μ1 and μ2 measure the intention for spreading into new habitats of u and v, 
respectively. All the parameters are assumed to be positive. We also assume that the initial data 
(u0, v0, s0, σ0) satisfies the following condition:

⎧⎪⎨⎪⎩
s0 > 0, σ0 > 0, u0 ∈ C2([0, s0]), v0 ∈ C2([0, σ0]), u′

0(0) = v′
0(0) = 0,

u0(x) > 0 for x ∈ [0, s0), u0(x) = 0 for x ≥ s0,

v0(x) > 0 for x ∈ [0, σ0), v0(x) = 0 for x ≥ σ0.

(1.7)

We remark that the spatial derivatives of u and v at the free boundary are considered as left 
derivatives. Herein, two competing species are assumed to spread only along the same direction 
with different free boundaries, x = s(t) and x = σ(t), respectively. For simplicity, the left bound-
ary is fixed such that no flux can across the left boundary x = 0, i.e., (1.3) holds. The density 
attains zero at their spreading front, i.e., (1.4) holds. The Stefan-type conditions (1.5) are used 
to measure the rate of their spread. Notice that the free boundaries x = s(t) and x = σ(t) may 
intersect each other at some time.

The setting of the problem (P) is motivated by the work of Du and Lin [4], who used a 
logistic equation with free boundary to model the spreading of single species. Therein, they 
assumed the spreading front as a free boundary, where the population density attains zero at the 
front and the rate of front is determined by a Stefan-type condition. Under these assumptions, 
they provided a complete dynamics and established a spreading–vanishing dichotomy, i.e., the 
species either spreads successfully or vanishes eventually. Moreover, the asymptotic spreading 
speed was established. For related works or more general models, we refer to [2,3,6,8,12–14,17,
19,23] and the references therein. See also [1] for a discussion of how the Stefan-type condition 
can be derived in modeling the spreading of species from a biological point view.

The same spreading mechanism as in [4] has been adopted in studying some two-species 
competition systems or predator–prey systems over unbounded domains. For example, a com-
petition system and predator–prey system are considered in [5] and [20], respectively, where the 
authors consider that an invasive species spreads into the habitat, and the resident species dis-
tributes in the whole space RN . In [9,18,21,22], two species distribute in the same region and 
so share the same spreading front. The study of Stefan-like problems arising in ecology over 
bounded domains can be traced back to the work of [16], who studied the population segregation 
patterns. See also [11]. In [15], the author considered a predator–prey model with the Stefan-type 
condition over a bounded domain.
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