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Abstract

In this paper we prove the existence of two solutions having a prescribed L2-norm for a quasi-linear 
Schrödinger equation. One of these solutions is a mountain pass solution relative to a constraint and the 
other one a minimum either local or global. To overcome the lack of differentiability of the associated 
functional, we rely on a perturbation method developed in [25].
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we are concerned with quasi-linear Schrödinger equations of the form{
i∂tϕ + �ϕ + ϕ�(|ϕ|2) + |ϕ|p−1ϕ = 0, in R

+ ×R
N,

ϕ(0, x) = ϕ0(x), in R
N,

(1.1)
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where p ∈ (1, 3N+2
N−2 ) if N ≥ 3 and p ∈ (1, ∞) if N = 1, 2, i denotes the imaginary unit and the 

unknown ϕ : R+ × RN → C is a complex valued function. Such types of equations appear in 
various physical fields, for instance in dissipative quantum mechanics, in plasma physics and in 
fluid mechanics. We refer the readers to [11,29] and their references for more information on the 
related physical backgrounds.

From the physical as well as the mathematical point of view, a central issue is the existence 
and dynamics of standing waves of (1.1). By standing waves, we mean solutions of the form 
ϕ(t, x) = e−iλtu(x), where λ ∈R is a parameter. Observe that e−iλtu(x) solves (1.1) if and only 
if u(x) satisfies the following stationary equation

−�u − u�(|u|2) − λu − |u|p−1u = 0, in R
N. (Pλ)

In (Pλ), when λ ∈ R appears as a fixed parameter, the existence and multiplicity of solutions 
of (Pλ) have been intensively studied during the last decade. See [4,8,10,11,13,20–26,29,30] and 
their references therein. We also refer to [3,4,15,31] for the uniqueness of ground states of (Pλ). 
By a ground state we mean a solution of (Pλ) which minimize among all nontrivial solutions the 
associated energy functional

Iλ(u) := 1

2

∫
RN

|∇u|2dx − λ

2

∫
RN

|u|2dx +
∫
RN

|u|2|∇u|2dx − 1

p + 1

∫
RN

|u|p+1dx,

defined on the natural space

X :=
{
u ∈ W 1,2(RN) :

∫
RN

|u|2|∇u|2dx < ∞
}
.

It is easy to check that u is a weak solution of (Pλ) if and only if

I ′
λ(u)φ := lim

t→0+
Iλ(u + tφ) − Iλ(u)

t
= 0,

for every direction φ ∈ C∞
0 (RN, R). We also recall, see [11, Remark 1.7] and [22] for example, 

that when N ≥ 3 the value 3N+2
N−2 corresponds to a critical exponent.

Compared to semi-linear equations where the term u�(|u|2) is not present, the search of 
solutions of (Pλ) presents a major difficulty. The functional associated with the quasi-linear term

V (u) :=
∫
RN

|u|2|∇u|2dx,

is non differentiable in the space X when N ≥ 2. To overcome this difficulty, various arguments 
have been developed. First in [20,29], solutions of (Pλ) are obtained by minimizing the functional 
Iλ on the set {

u ∈X :
∫
RN

|u|p+1dx = 1
}
.
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