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Abstract

We are interested in the averaging behavior of interfaces moving in stationary ergodic environments with 
oscillatory normal velocity which changes sign. The problem can be reformulated as the homogenization of 
a Hamilton–Jacobi equation with a positively homogeneous of degree one non-coercive Hamiltonian. The 
periodic setting was studied earlier by Cardaliaguet, Lions and Souganidis (2009) [16]. Here we concentrate 
in the random media and show that the solutions of the oscillatory Hamilton–Jacobi equation converge in 
L∞-weak � to a linear combination of the initial datum and the solutions of several initial value problems 
with deterministic effective Hamiltonian(s), determined by the properties of the random media.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

We study the averaging behavior of interfaces moving in stationary ergodic environments 
with oscillatory normal velocity which changes sign. The problem can be reformulated, using 
the level-set method, as the homogenization of a Hamilton–Jacobi equation with a positively 
homogeneous of degree one, non-coercive Hamiltonian. The interface Γ ε(t, ω) is defined as the 
zero level set of the solution uε := uε(x, t, ω) of the initial value problem⎧⎨⎩uε

t + a

(
x

ε
,ω

)∣∣Duε
∣∣ = 0 in Rn × (0,∞),

uε = u0 on Rn × {0},
(1.1)

where u0 ∈ UC(Rn), the space of uniformly continuous functions on Rn. The random environ-
ment is modeled by a probability space (Ω, F, P) endowed with an ergodic group of measure 
preserving transformations (τz)z∈Rn .

The velocity a := a(y, ω) : Rn × Ω → R is a stationary random process with respect to 
(Ω, F, P) (precise definitions are given later) and continuous in y for each ω. The main chal-
lenge is to analyze the averaging behavior of the uε’s when a(·, ω) changes sign. In this case, the 
Hamiltonian

H(p,y,ω) = a(y,ω)|p| (1.2)

is neither coercive nor convex and, hence, the stochastic homogenization of (1.1) cannot be han-
dled by the theory developed so far for stationary ergodic environments.

When infa = a0 > 0, that is when a is strictly positive (a similar analysis applies when 
supa < 0), the Hamiltonian is convex and coercive. In this case it is known that there exists 
a unique positively homogeneous of degree one coercive effective Hamiltonian H = H(p) so 
that, as ε → 0, uε converges, locally uniformly in Rn × [0, ∞) and almost surely (a.s. for short) 
in Ω , to the deterministic u, solution to the effective initial value problem{

ut + H(Du) = 0 in Rn × (0,∞),

u = u0 on Rn × {0}. (1.3)

The main step is, of course, to determine the effective Hamiltonian H = H(p), which is often 
called the ergodic constant.

The periodic homogenization of coercive Hamilton–Jacobi and viscous Hamilton–Jacobi 
equations was first studied by Lions, Papanicolaou and Varadhan [32] and, later, by Evans [20,21]
and Majda and Souganidis [35]. Ishii established in [27] the homogenization of Hamilton–
Jacobi equations in almost periodic settings. The stochastic homogenization of Hamilton–Jacobi 
equations with convex and coercive Hamiltonians was established independently by Souganidis 
[39] and Rezakhanlou and Tarver [37]. In the stochastic setting results for viscous Hamilton–
Jacobi equations were obtained by Lions and Souganidis [33] and Kosygina, Rezakhanlou and 
Varadhan [29], while space–time oscillations were studied by Kosygina and Varadhan [30] and 
Schwab [38]. In [34] Lions and Souganidis gave a simpler proof for homogenization in prob-
ability using weak convergence techniques. Their program was completed by Armstrong and 
Souganidis in [5,6] using the so-called metric problem. The viscous case was later refined by 
Armstrong and Tran in [7].
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