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Abstract

We prove that the multi-time Hamilton–Jacobi equation in general cannot be solved in the viscosity sense, 
in the non-convex setting, even when the Hamiltonians are in involution.
© 2014 Elsevier Inc. All rights reserved.
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0. Introduction

There are two important Hamilton–Jacobi equations associated with a continuous function H
defined on the cotangent bundle of a smooth Riemannian manifold M : the stationary equation, 
that is a nonlinear PDE of the kind

H(x,dxu) = c in M,

where c is a real constant and the unknown u is a real function defined on M ; and the evolutionary 
equation, which is a time-dependent equation of the form
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{
∂tu + H(x,dxu) = 0 in (0,+∞) × M

u(0, x) = u0(x), in M,
(0.1)

where u0 : M → R is an initial datum, and the unknown u is a real function of variables (t, x) ∈
[0, +∞) × M .

The first problem that naturally arises is that of finding a good notion of solution. It is in fact 
well known that such equations do not usually admit classical solutions. For instance, the method 
of characteristics provides, for smooth initial data and under general assumptions on H , classical 
solutions for (0.1) only for small times, until shocks between characteristics occur.

A first idea is to look for Lipschitz functions which solve the equation almost everywhere. 
However, such a notion of solution is inadequate since it lacks of good uniqueness and stability 
properties, see for instance [2]. That is why two better notions of weak solutions were introduced.

The first one, introduced by Crandall and Lions in 1983 [11], is that of viscosity solution and 
it applies to a wide range of first and second order nonlinear PDE. It is in some way reminiscent 
of distributions, in the sense that it uses test functions to drop derivatives, and permits to name 
solutions functions that are just continuous, regardless of their regularity. This notion has revealed 
to be extremely powerful and flexible, and it has been generalized since then in many different 
directions.

The second one, more geometric in nature, is termed variational solution and was introduced 
by Chaperon, Sikorav and Viterbo (see [10] or [9] and references therein) and is more specific of 
evolutionary equations of the kind of (0.1). It follows the idea of the method of characteristics, 
taking the graph of the differential of the initial condition and pushing it with the Hamilton flow. 
When the image is no longer a graph, a natural way to cut the obtained Lagrangian manifold, 
known as the graph selector, allows to reconstruct a function which is the desired variational 
solution.

Note that, as can be expected, both those notions often yield almost everywhere solutions 
(meaning Lipschitz functions satisfying the Hamilton–Jacobi equation almost everywhere). In 
the case of a Hamiltonian H(x, p) which is convex in the momentum variable p, it was proved 
by Zhukovskaya (see [23] and also [6,20]) that both notions provide the same solution. How-
ever, they may differ in the general case. Indeed, variational solutions do not necessarily verify 
the semi-group (or Markov) property. There is a simple way (proposed by Chaperon) to force 
variational solutions to verify this property and Wei [20] recently established that the obtained 
functions are the viscosity solutions (see also the work of Roos [19] on this matter).

In this paper we will focus on the solvability of the following system of uncoupled Hamilton–
Jacobi equations:

⎧⎨
⎩

∂tu + H(x,dxu) = 0 in (0,+∞) × (0,+∞) × M

∂su + G(x,dxu) = 0 in (0,+∞) × (0,+∞) × M

u(0,0, x) = u0(x) on M.

Such a system is known as multi-time Hamilton–Jacobi equation and has its roots in economics. 
There is now a consequent literature concerning this problem, where either one or the other notion 
of solution has been considered. The issue about existence and uniqueness of viscosity solutions 
of the multi-time equation was first addressed by Lions and Rochet [17] in the case of convex 
and coercive Hamiltonians on Rn × R

n only depending on the momentum variable. This work 
was subsequently generalized in [3] to Hamiltonians depending on both variables of Rn × R

n, 
but still convex and coercive in the momentum. As a counterpart, a commutation hypothesis is 
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