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Abstract

We study a conformal flow for compact Riemannian manifolds of dimension greater than two with bound-
ary. Convergence to a scalar-flat metric with constant mean curvature on the boundary is established in
dimensions up to seven, and in any dimensions if the manifold is spin or if it satisfies a generic condition.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Let M" be a closed manifold with dimension n > 3. In order to solve the Yamabe problem
(see [39]), R. Hamilton introduced the Yamabe flow, which evolves Riemannian metrics on M
according to the equation
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Eg(t) =—(Rgr) — Rg(0))g (@),

E-mail address: almaraz@vm.uff.br.
1 Supported by FAPERJ, CAPES and CNPq (Brazil).

http://dx.doi.org/10.1016/j.jde.2015.04.011
0022-0396/© 2015 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2015.04.011
http://www.elsevier.com/locate/jde
mailto:almaraz@vm.uff.br
http://dx.doi.org/10.1016/j.jde.2015.04.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2015.04.011&domain=pdf

S. Almaraz / J. Differential Equations 259 (2015) 2626-2694 2627

where R, denotes the scalar curvature of the metric g and I_Qg stands for the average
-1

/ dvg / Rgdvg. Here, dvy is the volume form of (M, g). Although the Yamabe problem

M M
was solved using a different approach in [7,29,37], the Yamabe flow is a natural geometric defor-
mation to metrics of constant scalar curvature. The convergence of the Yamabe flow on closed
manifolds was studied in [17,33,40]. This question was completed solved in [10,11], where the
author makes use of the positive mass theorem.

In this work, we study the convergence of a similar flow on compact n-dimensional manifolds
with boundary, when n > 3. For those manifolds, J. Escobar raised the question of existence
of conformal scalar-flat metrics on M which have the boundary as a constant mean curvature
hypersurface. This problem was studied in [1,20,22,25,26,3,15]. (The question of existence of
conformal metrics with constant scalar curvature and minimal boundary was studied in [12,19];
see also [6,24].)

Let (M", go) be a compact Riemannian manifold with boundary d M and dimension n > 3.
We consider the following conformal invariant defined in [20]:
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where H, and do, denote respectively the trace of the 2nd fundamental form and the volume
form of d M, with respect to the metric g, and [go] stands for the conformal class of the metric gg.
Although we always have Q(M,dM) < Q(B", dB), where B”" is the closed unit ball in R”, we
may have Q(M,dM) = —oo (see [21]).

Conformal scalar-flat metrics in compact manifolds with boundary can be easily obtained
under the hypothesis that Q(M, dM) > —oo (which is the case when the scalar curvature is
non-negative). To that end, we can use, as the conformal factor, the first eigenfunction of a linear
eigenvalue problem (see [20, Proposition 1.4]).

We are interested in a formulation of a Yamabe-type flow for compact scalar-flat manifolds
with boundary proposed by S. Brendle in [9]. This flow evolves a conformal family of metrics
g(),t >0, according to the equations

R :07 inM,
{ £ (1.1)

D g(t) = —2(Hguy — Hg))g(t), ondM,
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where, H ¢ stands for the average / dog / Hgydog,. (We refer the reader to Section 2 for

oM oM
the formulation in terms of the conformal factor.)
Brendle proved short-time existence of a unique solution to (1.1) for a given initial metric and
the following long-time result:
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