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Abstract

In this paper we provide a characterization of local integrability for analytic or formal differential systems
inR" or C" via the integrability varieties. Our result generalizes the classical one of Poincaré and Lyapunov
on local integrability of planar analytic differential systems to any finitely dimensional analytic differential
systems. As an application of our theory we study the integrability of a family of four-dimensional quadratic
Hamiltonian systems.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction and the main results

The theory on local integrability of analytic or formal differential systems is classical and it
can be traced back to H. Poincaré. This theory is very useful in the study of local dynamics of
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dynamical systems, see e.g. [1,3,16]. By the fundamental theorem which goes back to Poincaré
and Lyapunov a nondegenerate monotone singularity of a real planar analytic differential system

uw=—v+ p(u,v), v=u+q(u,v), (D)

where p and g are convergent series without free and linear terms, is a center if and only if the
system is locally analytically equivalent to a system of the form

i=ix(l+gy),  y=—iy(1+gxy),

where, i =+/—1, x =u +iv and y is complex conjugate to x.

This classical theory of Poincaré and Lyapunov was recently generalized to analytic differ-
ential systems of any finite dimension n € N, see e.g. [12,19,20,22], where the local analytic
integrability was characterized by the number of linearly independent resonances of eigenval-
ues of the linearized matrix and the existence of analytic normalization for reducing the analytic
differential systems to its Poincaré—Dulac normal form.

Poincaré also proved that for a real planar analytic differential system (1) there exists an
analytic function or a formal series @ (u, v) such that

0P oD e
(—v+p, U))E + (u+q(u, v))E = Zal(uZ + v2)l’

I=m

where 2 <m € N, and «¢; are polynomials in the coefficients of p(u, v) and g(u, v). This paper
will pursue the study along this direction on higher dimensional analytic or formal differential
systems.

Consider the local analytic or formal differential systems

x=Ax+f(x), in (]F",O), Fe {C,R}, 2)
where A € Mat(F, n), x = (x,...,x,)%, f(x) = (f1i(x), ..., f,(x))7, and f; are series (conver-
gent or not) starting with at least quadratic terms. Recall that Mat(F, n) denotes the set of all
matrices of order n with entries in IF, and t denotes the transpose of a matrix.

Let A = (A1,...,A,) be the n-tuple of eigenvalues of A. Set Z; = NUO. For o =
(@1, ...,0,) € Z1 denote (A, o) =Y 7 eAj and |a| =ay + ...+ ay. Let
R= {a ez } (A a)=0, |of >O},

and denote by r;, the rank of vectors in the set R.
As it is well-known, see e.g. [1,16,18], there is a substitution tangent to identity

x=0(y) =y +e®), 3)

with ¢(y) being a series without constant and linear terms, which transforms system (2) to its
Poincaré—Dulac normal form, i.e. a system of the form

y=Ay+g®), )
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