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Abstract

In this paper, we study complexity of solutions of a high-dimensional difference equation of the form

DXj—ps vy Xi— 1 X5 Xig 1y s Xign) =0, i €Z,

where @ is a C! function from (R€)"17+1 (o RE. Our main result provides a sufficient condition for any
sufficiently small C 1 perturbation of @ to have symbolic embedding, that is, to possess a closed set of solu-
tions A that is invariant under the shift map, such that the restriction of the shift map to A is topologically
conjugate to a subshift of finite type. The sufficient condition can be easily verified when @ depends on few
variables, including the logistic and Hénon families. To prove the result, we establish a global version of
the implicit function theorem for perturbed equations. The proof of the main result is based on the Brouwer
fixed point theorem, and the proof of the global implicit function theorem is based on the contraction map-
ping principle and other ingredients. Our novel approach extends results in [2,3,8,15,21].
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1. Introduction

Consider a high-dimensional difference equation of the following form

¢(xi7m’"'axi719xi9xi+l7"'7xi+}1)=0’ i€Z. (1)

where x;’s are variables in R¢ and @ is a function from (R4 "+ to R, If & is reduced to
a function ¢ depending on smaller number of variables, e.g., ® = ¢(x;), we say that @ has the
singular form @, and regards @ and its perturbations as multidimensional perturbation of ¢. In
[2,8], the authors dealt with the case when £ = 1 and @ is the limit of a continuous one-parameter
family ¥, of functions as A tends to Ag. If @ has a singular form ¢ of one variable in R, and
¢ has k > 2 simple zeros, in [8] it was shown that among solutions of ¥; with A close to Ag,
there is a topological k-horseshoe, i.e., the two-sided full Bernoulli shift with £ symbols; also
refer to [3,21]. If @ has a singular form of two variables, i.e., ® = ¢(x;, xj+7), where 0 < |J| <
min(m, n), and for the equation ¢ (x, y) = 0 there is a branch y = £(x) with positive topological
entropy h¢op(§), it was proved in [2] that for A close to Ag, there is a subset of solutions of ¥y
to which the restriction of the two-sided shift map has topological entropy arbitrarily close to
heop(§)/1J]. Therein, the approach is based on hyperbolic region of interval maps, and is an
extension of the anti-integrable limit approach introduced in [1] by dropping the requirement of
Lagrangian generator. Unfortunately, there is an obstacle to extend such an approach to the case
when £ > 1 or @ has a singular form of more than two variables. This is why we develop a novel
approach in the present paper.

In this paper, we provide a sufficient condition for any sufficiently small C! perturbation of
@ to have symbolic embedding, that is, to possess a closed set of solutions A that is invariant
under the two-sided full shift map, such that the restriction of the shift map to A is topologically
conjugate to a subshift of finite type, associated to some transition matrix M. The sufficient
condition requires existence of finitely many compact subsets K ;’s of R? such that any allowable
product ]_[jeszj for M contains a solution (x;) ez of (1) and satisfies det(d®/9x;) # 0 on

’}=7m K, ;s referred as ‘@ has nondegenerate coding of M’ in Definition 1.

The nondegenerate coding condition can be easily verified when @ has a singular form of few
variables. For instance, if, as above, @ has a singular form ¢ of one variable in R, and ¢ has
k > 2 simple zeros, by simply taking K;’s to be small closed intervals containing zeros in the
interiors, and M to be the k x k matrix with all entries equal to one, then @ has nondegenerate
coding of M and hence any sufficiently small C' perturbation of & has symbolic embedding
of M; this extends results in [3,8,15,21]. The extension of results in [2] is presented at the end
of next section. There are examples of singular forms of two or three variables, including the
logistic and Hénon families, having nondegenerate coding of some transition matrix, and as an
application of our result, the lower bound of topological entropy of high-dimensional Hénon-like
maps is also obtained.

Our result justifies the use of low-dimensional models of complex phenomena. Consider the
map

T(xt, o xm) = (FQr, o xm), 1), -+, 8m—1 (Gm—1)),

where the first component F can be reduced to a low-dimensional map f depending on the first
few variables. Denote by (x; 1, - - -, x; ) the i-th iteration of an initial point p = (xo,1, - -, X0,m)
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