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Abstract

In this paper we consider a boundary-value problem for the Poisson equation with a boundary condition 
comprising the fractional derivative in time and the right-hand sides dependent on time. We prove the 
one-valued solvability of this problem, and provide the coercive estimates of the solution.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Let a and b be some positive constants, ν ∈ (0, 1),

R2+ = {
(x1, x2) : x1 ∈ (−∞,+∞), x2 > 0

}
, R2+,T = R2+ × (0, T ); R1

T = R1 × (0, T ).

In this paper we analyze the following problem with a fractional temporal derivative in a 
boundary condition:
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∂2u

∂x2
1

+ ∂2u

∂x2
2

= f0(x1, x2, t) in R2+,T ; (1.1)

u(x1,0, t) = aρ(x1, t) + f1(x1, t) on R̄1
T ; (1.2)

Dν
t ρ(x1, t) − b

∂u

∂x2
= f2(x1, t) on R̄1

T ; (1.3)

ρ(x1,0) = 0 in R1, (1.4)

where fi , i = 0,2, are some given functions, Dν
t denotes the Caputo fractional derivative with 

respect to t and is defined by (see, for example, (2.4.6) in [22])

Dν
t w(·, t) = 1

Γ (1 − ν)

∂

∂t

t∫
0

w(·, τ )dτ

(t − τ)ν
− w(·,0)

Γ (1 − ν)tν
, ν ∈ (0,1), (1.5)

where Γ (ν) is the Gamma function.
Analysis of problem (1.1)–(1.4) is important in order to study the free boundary problem 

for the Laplace equation in the case of subdiffusion (the fractional quasistationary Stefan prob-
lem or the fractional Hele-Shaw problem [45]). We recall that the anomalous diffusion means 
that the diffusive motion cannot be modeled as standard Brownian motion [8,33], and the mean 
square displacement of the diffusing species 〈(�x)2〉 scales as a nonlinear power law in time, i.e. 
〈(�x)2〉 ∼ tν for some real number ν. If ν ∈ (0, 1), this is referred as a subdiffusion.

The fractional Hele-Shaw problem describes the evolution of fluid which is subjected to the 
“fractional” Darcy law [35], i.e. the “fractional” fluid velocity is proportional to the pressure 
gradient. This problem arises in controlled drug release system [30]; in studying of materials 
with memory [46]; in the transport processes at the Earth’s surface [45]. The mathematical model 
of the fractional Hele-Shaw problem is the following [46].

Let Ω(t) be a bounded domain in R2 for every t ∈ [0, T ], with the boundary ∂Ω = Γ ∪Γ (t), 
Γ ∩ Γ (t) = ∅. Here Γ is a given fixed curve and Γ (t) is an unknown boundary (free boundary). 
Assume that the equation of the free boundary is described as follows

Φ(y, t) = 0,

where Φ(y, t) is an unknown function.
We look for the fluid pressure p(y, t), y ∈ Ω(t), t ∈ [0, T ], and the free boundary Γ (t) by the 

following conditions:

�yp = 0 in Ω(t); p = g(y, t) on Γ ; (1.6)

p = 0, and Dν
t Φ(y, t) = −μ(∇yp,∇yΦ) on Γ (t), ν ∈ (0,1); (1.7)

Ω(0) is given, (1.8)

where g(y, t) is a given function, Dν
t Φ(y, t) is the “fractional” velocity of the free boundary 

Γ (t) in the direction of the outward normal to Ω(t), μ is some positive constant.
If ν = 1, problem (1.6)–(1.8) is interpreted as the mathematical model of the classical Hele-

Shaw problem which has been intensively studied for more than half a century. The literature on 
this and related problems is vast. A bibliography containing references up to the late nineties has 
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