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Abstract

In this paper, we study the global well-posedness and scattering problem in the energy space for both 
focusing and defocusing Klein–Gordon–Hartree equations in the spatial dimension d � 3. The main diffi-
culties are the absence of an interaction Morawetz-type estimate and of a Lorentz invariance which enable 
one to control the momentum. To compensate, we utilize the strategy derived from concentration compact-
ness ideas, which was first introduced by Kenig and Merle [13] to the scattering problem. Furthermore, 
employing technique from [32], we consider a virial-type identity in the direction orthogonal to the mo-
mentum vector so as to control the momentum in the defocusing case. While in the focusing case, we show 
that the scattering holds when the initial data (u0, u1) is radial, and the energy E(u0, u1) < E(W, 0) and 
‖∇u0‖22 + ‖u0‖22 < ‖∇W‖22 + ‖W‖22, where W is the ground state.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to the study of the Cauchy problem of the Klein–Gordon–Hartree equa-
tion
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ü−�u+ u+ f (u)= 0, (t, x) ∈R×R

d, d � 3,

u(0, x)= u0(x), ut (0, x)= u1,
(1.1)

where f (u) = μ(|x|−γ ∗|u|2)u, 2 < γ < min(4, d), μ =±1 with μ = 1 known as the defocusing 
case and μ =−1 as the focusing case. Here u is a real-valued function defined in Rd+1, the dot 
denotes the time derivative, � is the Laplacian in Rd , |x|−γ is called the potential, and ∗ denotes 
the spatial convolution in Rd .

Formally, the solution u of (1.1) conserves the energy

E
(
u(t), u̇(t)

)= 1

2

ˆ

Rd

(∣∣u̇(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + ∣∣u(t, x)
∣∣2)dx

+ μ

4

¨

Rd×Rd

|u(t, x)|2|u(t, y)|2
|x − y|γ dxdy

≡E(u0, u1),

and the momentum

P(u)(t)=
ˆ

Rd

ut (t, x)∇u(t, x)dx = P(u)(0). (1.2)

On the one hand, the scattering theory for the Klein–Gordon equation with f (u) = μ|u|p−1u

has been intensively studied in [3,4,7,10,29,31]. For μ = 1 and

1+ 4

d
< p < 1+ γd

4

d − 2
, γd =

{
1, 3 � d � 9;

d
d+1 , d � 10.

(1.3)

Brenner [4] established the scattering results in the energy space for d � 10. Thereafter, Ginibre 
and Velo [7] exploited the Birman–Solomjak space �m(Lq, I, B) in [2] and delicate estimates 
to improve the results in [4], which covered all subcritical cases. Finally K. Nakanishi [29] ob-
tained the scattering results for the critical case by the strategy of induction on energy [6] and a 
new Morawetz-type estimate. And recently, S. Ibrahim, N. Masmoudi and K. Nakanishi [10,11]
utilized the concentration compactness ideas to give the scattering threshold for the focusing 
nonlinear Klein–Gordon equation. Their method also works for the defocusing case.

On the other hand, the scattering theory for the Hartree equation

iu̇=−�u+μ
(|x|−γ ∗ |u|2)u

has been also studied by many authors (see [5,9,16,19–24]). For the subcritical defocusing case, 
Ginibre and Velo [9] derived the associated Morawetz inequality and extracted a useful Birman–
Solomjak type estimate to obtain the asymptotic completeness in the energy space. Nakanishi 
[30] improved the results by a new Morawetz estimate which doesn’t depend on the nonlinear-
ity. For the critical case, Miao, Xu and Zhao [19] took advantage of a new kind of the localized 
Morawetz estimate, which is also independent of the nonlinearity, to rule out the possibility of 
the energy concentration at origin and established the scattering results in the energy space for 
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