Available online at www.sciencedirect.com

Journal of

CrossMark Sc'en ceD.reCt Differential
Equations
ELSEVIER J. Differential Equations 257 (2014) 38503867 —_—

www.elsevier.com/locate/jde

Optimal decay rate for strong solutions in critical spaces
to the compressible Navier—Stokes equations

Masatoshi Okita

Graduate School of Mathematics, Kyushu University, Fukuoka 819-0395, Japan
Received 16 August 2013; revised 22 July 2014
Available online 5 August 2014

Abstract

In this paper we are concerned with the convergence rates of the global strong solution to motionless
state with constant density for the compressible Navier-Stokes equations in the whole space R” for n > 3.
It is proved that the perturbations decay in crltlcal spaces, if the initial perturbations of density and velocity

are small in B22 (RHN BO oo (R") and B (R") )l B oo (R™), respectively.
© 2014 Elsevier Inc. All rlghts reserved.
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1. Introduction

This paper studies the initial value problem for the compressible Navier—Stokes equation
in R":

0o+ V- (ou)=0,
VP !
byt + (- Vo4 2O Hp PR GG, )
o o o
(0, u)(0, x) = (po, uo)(x).
Heret > 0, x = (x1, x2, - - -, x,) € R"; the unknown functions p = p(¢,x) > 0and u = u(t,x) =

(ui(t,x),ux(t,x),---,u,(t,x)) denote the density and velocity, respectively; P = P(p) is the
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pressure that is assumed to be a function of the density p; u and u” are the viscosity coefficients
satisfying the conditions i > 0 and ' 4+ 2u > 0; and V-, V and A denote the usual divergence,
gradient and Laplacian with respect to x, respectively.

We assume that P(p) is smooth in a neighborhood of p with P’(5) > 0, where p is a given
positive constant.

In this paper we derive the convergence rate of solution of problem (1) to the constant station-
ary solution (p, 0) as t+ — oo when the initial perturbation (pg — p, ug) is sufficiently small in
critical spaces and B?, o forn >3.

Matsumura and Nishida [8] showed the global in time existence of solution of (1) for n = 3,
provided that the initial perturbation (pg — p, uo) is sufficiently small in H3(R3) N L1 (R?).
Furthermore, the following decay estimates were obtained in [8];

k

IV (o =y ,. <CA+n735 k=0,1. (2)

These results were proved by combining the energy method and the decay estimates of the semi-
group E(t) generated by the linearized operator A at the constant state (p, 0).

On the other hand, Kawashita [6] showed the global existence of solution for initial pertur-
bations sufficiently small in A% (R") with sg = [%] + 1, n > 2. (Note that s9 = 2 for n = 3.)
Wang and Tan [11] then considered the case n = 3 when the initial perturbation (pg — p, ug) is
sufficiently small in H 2R3N LYRY), and proved the decay estimates (2). Okita [10] showed
that if n > 2 then the following estimates hold for the solution (o, u) of (1):

V40 — .|, < CA+D5 k=0,---, 5,

provided that (po — p, uo) is sufficiently small in H*0(R")N L! (R™) with 59 = [’2—’] + 1. This result
was shown by decomposition of the perturbation into low and high frequency parts Moreover

Li and Zhang [7] showed the density and momentum converge at the rates (1 + t)4 7 in the
L?%-norm, when initial perturbation is sufficiently small in H ! (]R3) N By Oo(]R3) with [ > 4 and

s €0, 1]. Note that L' is included in B0
Danchin [2] proved the global ex1stence in critical homogeneous Besov space, which is stated
as follows.

Proposition 1.1. (See Danchin [2].) Let n> 2 There are two positive constants €] and M such
-1
that for all (pg, ug) with (pg — p) € B N 32 | S U0 E 32 | and

oo —pll 5 oo+ lluoll 51 <er, 3)
B

5
2 2,1 2,1
then problem (1) has a unique global solution (p,u) € C(RT; 327] N 3271_1) x (LY (R*; B;Tl) N

C(Rt; Bz% 1_1)) that satisfies the estimate
sup 0 = 7)) -1+ sp o] 5 +f||u<t>|| s
teR+ 21
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