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Abstract

Normal form theory is very important and useful in simplifying the forms of equations restricted on
the center manifolds in studying nonlinear dynamical problems. In this paper, using the center manifold
theorem associated with the integrated semigroup theory, we develop a normal form theory for semilinear
Cauchy problems in which the linear operator is not densely defined and is not a Hille—Yosida operator and
present procedures to compute the Taylor expansion and normal form of the reduced system restricted on
the center manifold. We then apply the main results and computation procedures to determine the direc-
tion of the Hopf bifurcation and stability of the bifurcating periodic solutions in a structured evolutionary
epidemiological model of influenza A drift and an age structured population model.
© 2014 Elsevier Inc. All rights reserved.

MSC: 37L10; 37G05; 34K18; 34C20; 58B32

Keywords: Normal form; Non-densely defined Cauchy problem; Center manifold; Hopf bifurcation; Structured
population; Population dynamics

* Corresponding author.

1 Research was partially supported by National Natural Science Foundation of China (NNSFC), grant Nr. 11371058.

2 Research was partially supported by the French Ministry of Foreign and European Affairs program France—China
PFCC Campus France (20932UL).

3 Research was partially supported by National Science Foundation (DMS-1022728).

http://dx.doi.org/10.1016/j.jde.2014.04.018
0022-0396/© 2014 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2014.04.018
http://www.elsevier.com/locate/jde
http://dx.doi.org/10.1016/j.jde.2014.04.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2014.04.018&domain=pdf

922 Z. Liu et al. / J. Differential Equations 257 (2014) 921-1011

Contents

1. Introduction . ........ ... ... ... 922
1.I.  Normalformtheory ... ......... ... ... 922

1.2.  Motivation —age structured models . . . .. ... ... L 923

1.3.  Nonlinear dynamics of semilinear equations with non-dense domain . ........... 926

1.4, Anoutline . . ... ... 927

2. Preliminaries and the sketchy computation procedure . .......................... 927
2.1.  Semiflows generated by nondensely defined Cauchy problems ................ 927

2.2.  Spectral decomposition of the state space . . . .. ......... . ... .. 929

23. Centermanifoldtheorem . .. ...... ... ... ... ... . . . . ... 932

2.4. A sketchy procedure of computing the reduced system . . . . .................. 933

3. Normal form theory — nonresonant typeresults . . . ........... ... . ... ... ..... 936
31, GeVM(Xey DIA)NXE) v ot e 937

32, GeV™(Xe, D(A)) oot 945

4. Normal form computation . . ... ....... ...t 949
41. GeV™MXe, DAY NXR) oot e 949

42, GeV™Xe, D(A)) oo 952

5. APPLCAtions . ... ... 955
5.1. A structured model of influenza Adrift .. .......... ... ... ... . .. 955

5.2. Anage structured populationmodel . ........ ... ... L L . 991
References . . . . ..ot 1009

1. Introduction
1.1. Normal form theory

To determine the qualitative behavior of a nonlinear system in the neighborhood of a nonhy-
perbolic equilibrium point, the center manifold theorem implies that it could be reduced to the
problem of determining the qualitative behavior of the nonlinear system restricted on the center
manifold, which reduces the dimension of a local bifurcation problem near the nonhyperbolic
equilibrium point. The normal form theory provides a way of finding a nonlinear analytic trans-
formation of coordinates in which the nonlinear system restricted on the center manifold takes
the “simplest” form, called normal form. These two methods, one reduces the dimension of the
original system and the other eliminates the nonlinearity of the reduced system, are conjunctly
used to study bifurcations in nonlinear dynamical systems. A normal form theorem was obtained
first by Poincaré [54] and later by Siegel [56] for analytic differential equations. Simpler proofs
of Poincaré’s theorem and Siegel’s theorem were given in Arnold [5], Meyer [46], Moser [48],
and Zehnder [67]. For more results about normal form theory and its applications see, for exam-
ple, the monographs by Arnold [5], Chow and Hale [8], Guckenheimer and Holmes [26], Meyer
and Hall [47], Siegel and Moser [57], Chow et al. [9], Kuznetsov [34], and others.

Normal form theory has been extended to various classes of partial differential equations. In
the context of autonomous partial differential equations we refer to Ashwin and Mei [6] (PDEs
on the square), Eckmann et al. [ 18] (abstract parabolic equations), Faou et al. [20,21] (Hamilto-
nian PDEs), Hassard, Kazarinoff and Wan [28] (functional differential equations), Faria [22,23]
(PDEs with delay), Foias et al. [25] (Navier—Stokes equation), Kokubu [33] (reaction—diffusion
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