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Abstract

We study the following Kirchhoff type elliptic problem,

⎧⎪⎨
⎪⎩

−
(

a + b

∫
Ω

|∇u|2dx

)
�u = λuq + μu3, u > 0 in Ω,

u = 0 on ∂Ω,

(P)

where Ω ⊂ R
4 is a bounded domain with smooth boundary ∂Ω . Moreover, we assume a,λ,μ > 0, b ≥ 0

and 1 ≤ q < 3. In this paper, we prove the existence of solutions of (P). Our tools are the variational method
and the concentration compactness argument for PS sequences.
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1. Introduction

We investigate a Kirchhoff type elliptic problem,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−
(

a + b

∫
Ω

|∇u|2dx

)
�u = λuq + μu3 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(P)

where Ω ⊂ R
4 is a bounded domain with smooth boundary ∂Ω . We assume a,λ,μ > 0, b ≥ 0

and 1 ≤ q < 3. In this paper, we prove the existence of solutions of (P).
Our problem (P) describes the stationary state of the Kirchhoff type quasilinear hyperbolic

equation such as

∂2u

∂t2
− M

(∫
Ω

|∇u|2dx

)
�u = f (x, t, u), (P0)

where M : R+ → R
+ is some function. (P0) appears in the theory of the nonlinear vibrations on

physics [15]. The solvability of (P0) is also discussed on mathematics [6,7,9,14,24] etc. We can
refer to the survey [1].

In recent years, the analysis of the stationary problems of (P0) has been extensively carrying
out by many authors, see [2–4,10,11,16–18,20–22,26,28,29] and so on. By them, several exis-
tence results are successfully obtained via the variational and topological methods even for the
critical case. But most of them treat only three or less dimensional case except for [3,10,18]. Here
we emphasize that we would treat the 4-dimensional critical problem (P). In our case, a typical
difficulty occurs in proving the existence of solutions. It is caused by the lack of the compact-
ness of the Sobolev embedding H 1

0 (Ω) ↪→ L4(Ω). Furthermore, in view of the corresponding
energy, the interaction between the Kirchhoff type perturbation ‖u‖4

H 1
0 (Ω)

and the critical non-

linearity
∫
Ω

u4dx is crucial. In the following, we can see the effect of such an interaction on
the existence. To our best knowledge, this paper is the first one which essentially attacks the
Brezis–Nirenberg problem for 4-dimensional Kirchhoff type equations. Lastly we remark that if
we take N ≥ 5, the critical Sobolev exponent 2∗ := 2N/(N − 2) is strictly less than 4. Thus the
treatments for the higher dimensional problem must be different from those in this paper. This
is because our ideas are strictly based on the fact that the critical exponent is just equal to the
exponent on the Kirchhoff term ‖u‖4. How to get the solvability of the higher dimensional prob-
lem is another and interesting problem for our future. We will again put a remark on the higher
dimensional problem in Section 4.

1.1. Statement of results

Firstly we consider the cases q = 1. Let S > 0 be the usual Sobolev constant defined by

inf
u∈H 1

0 (Ω)\{0}

∫
Ω

|∇u|2dx

(
∫
Ω

u4dx)1/2
,

and λ1 > 0 be the principal eigenvalue of −� on Ω . Our result is the following.
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