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Abstract

We study the existence of weak solutions to (E) (−�)αu + g(u) = ν in a bounded regular domain Ω in
R

N(N ≥ 2) which vanish in R
N \ Ω , where (−�)α denotes the fractional Laplacian with α ∈ (0,1), ν is

a Radon measure and g is a nondecreasing function satisfying some extra hypotheses. When g satisfies a
subcritical integrability condition, we prove the existence and uniqueness of weak solution for problem (E)
for any measure. In the case where ν is a Dirac measure, we characterize the asymptotic behavior of the
solution. When g(r) = |r|k−1r with k supercritical, we show that a condition of absolute continuity of the
measure with respect to some Bessel capacity is a necessary and sufficient condition in order (E) to be
solved.
© 2014 Elsevier Inc. All rights reserved.

MSC: 35R11; 35J61; 35R06

Keywords: Fractional Laplacian; Radon measure; Dirac measure; Green kernel; Bessel capacities

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1458
2. Linear estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1462

* Corresponding author.
E-mail addresses: chenhuyuan@yeah.net (H. Chen), Laurent.Veron@lmpt.univ-tours.fr (L. Véron).

http://dx.doi.org/10.1016/j.jde.2014.05.012
0022-0396/© 2014 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2014.05.012
http://www.elsevier.com/locate/jde
mailto:chenhuyuan@yeah.net
mailto:Laurent.Veron@lmpt.univ-tours.fr
http://dx.doi.org/10.1016/j.jde.2014.05.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2014.05.012&domain=pdf


1458 H. Chen, L. Véron / J. Differential Equations 257 (2014) 1457–1486

2.1. The Marcinkiewicz spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1462
2.2. Non-homogeneous problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1466

3. Proof of Theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1474
4. Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1480

4.1. The case of a Dirac measure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1480
4.2. The power case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1482

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1485

1. Introduction

Let Ω ⊂ R
N be a bounded C2 domain (i.e. a nonempty bounded and connected open set

with a C2 boundary), g : R �→R be a continuous function and M(Ω,ρβ) be the space of Radon
measures in Ω satisfying

∫
Ω

ρβd|ν| < +∞ with ρ(x) = dist(x,Ωc), especially, M(Ω,ρ0) =
Mb(Ω) be the set of bounded Radon measures. We are concerned with the existence of weak
solutions to the semilinear fractional elliptic problem

(−�)αu + g(u) = ν in Ω,

u = 0 in Ωc, (1.1)

where α ∈ (0,1), ν ∈ M(Ω,ρβ) with β ∈ [0, α]. The fractional Laplacian (−�)α is defined by

(−�)αu(x) = lim
ε→0+(−�)αε u(x),

where for ε > 0,

(−�)αε u(x) = −
∫
RN

u(z) − u(x)

|z − x|N+2α
χε

(|x − z|)dz (1.2)

and

χε(t) =
{

0, if t ∈ [0, ε],
1, if t > ε.

When α = 1, the semilinear elliptic problem

−�u + g(u) = ν in Ω,

u = 0 on ∂Ω, (1.3)

has been extensively studied by numerous authors in the last 30 years. A fundamental contribu-
tion is due to Brezis [7], Bénilan and Brezis [2], where ν ∈ Mb(Ω) and the function g : R → R

is nondecreasing, positive on (0,+∞) and satisfies the subcritical assumption:



Download English Version:

https://daneshyari.com/en/article/4610503

Download Persian Version:

https://daneshyari.com/article/4610503

Daneshyari.com

https://daneshyari.com/en/article/4610503
https://daneshyari.com/article/4610503
https://daneshyari.com

