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Abstract

The paper deals with the existence of entire solutions for a quasilinear equation (Eλ) in RN , depending 
on a real parameter λ, which involves a general variable exponent elliptic operator A in divergence form 
and two main nonlinearities. The competing nonlinear terms combine each other. Under some conditions, 
we prove the existence of a critical value λ∗ > 0 with the property that (Eλ) admits nontrivial nonnegative 
entire solutions if and only if λ ≥ λ∗. Furthermore, under the further assumption that the potential A of A
is uniform convex, we give the existence of a second independent nontrivial nonnegative entire solution 
of (Eλ), when λ > λ∗. Our results extend the previous work of Autuori and Pucci (2013) [6] from the 
case of constant exponents p, q and r to the case of variable exponents. More interesting, we weaken the 
condition max{2, p} < q < min{r, p∗} to the simple request that 1 � q � r . Furthermore, we extend the 
previous work of Alama and Tarantello (1996) [2] from Dirichlet Laplacian problems in bounded domains 
of RN to the case of a general variable exponent differential equation in the entire RN , and also remove the 
assumption q > 2. Hence the results of this paper are new even in the canonical case p(·) ≡ 2.
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1. Introduction

In this paper we study the one parameter variable exponent elliptic equation

−div A(x,∇u) + a(x)|u|p(x)−2u = λw(x)|u|q(x)−2u − h(x)|u|r(x)−2u (Eλ)

in RN , where λ ∈ R and A : RN × R
N → R

N admits a potential A , with respect to its second 
variable ξ , and satisfies the following assumption, required throughout the paper.

(A1) The potential A = A (x, ξ) is a continuous function in RN ×R
N , with continuous deriva-

tive with respect to ξ , A = ∂ξA (x, ξ), and verifies:
(i) A (x, 0) = 0 and A (x, ξ) = A (x, −ξ) for all (x, ξ) ∈R

N ×R
N ;

(ii) A (x, ·) is strictly convex in RN for all x ∈R
N ;

(iii) There exist constants C1, C2 > 0 and an exponent p ∈P log(RN) such that

C1|ξ |p(x) ≤ A(x, ξ) · ξ,
∣∣A(x, ξ)

∣∣ ≤ C2|ξ |p(x)−1 (1)

for all (x, ξ) ∈ R
N × R

N , where 1 � p � N , and p ∈ P log(RN) means that p is 
globally log-Hölder continuous in RN , i.e. there exists a p∞ satisfying

∣∣p(x) − p(y)
∣∣ ≤ C3/ ln

(
e + 1/|x − y|),∣∣p(x) − p∞

∣∣ ≤ C4/ ln
(
e + |x|)

for all x, y ∈ R
N .

A typical example is A(x, ξ) = |ξ |p(x)−2ξ , so that along any ϕ ∈ C∞
0 (RN)

−div A(x,∇ϕ) = −div
(|∇ϕ|p(x)−2∇ϕ

) = −�p(x)ϕ,

which is called the p(x)-Laplacian and satisfies (A1) provided that p ∈P log(RN) and 1 < p− ≤
p+ < N , where

p+ = sup
x∈RN

p(x), p− = inf
x∈RN

p(x).

We write p1 � p2 if

inf
x∈RN

[
p2(x) − p1(x)

]
> 0,

where p1 and p2 are two continuous exponents. Furthermore, in the entire paper, we assume

(H1) (i) a ∈ L∞
loc(R

N), and for some constant c1 ∈ (0, 1] the coefficient a satisfies

a(x) ≥ c1
(
1 + |x|)−p(x)

for all x ∈R
N ; (2)
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