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Abstract

We study the existence of periodic solutions for a second order non-autonomous dynamical system con-
taining variable kinetic energy terms. Our assumptions balance the interaction between the kinetic energy
and the potential energy with neither one dominating the other. We study sublinear problems and the exis-
tence of non-constant solutions.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the following problem. One wishes to solve

−ẍ(t) = B(t)x(t) + ∇xV
(
t, x(t)

)
, (1)

where

x(t) = (
x1(t), . . . , xn(t)

)
(2)

is a map from I = [0, T ] to R
n such that each component xj (t) is a periodic function in H 1 with

period T , and the function V (t, x) = V (t, x1, . . . , xn) is continuous from R
n+1 to R with

∇xV (t, x) = (∂V/∂x1, . . . , ∂V/∂xn) ∈ C
(
R

n+1,Rn
)
. (3)
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For each x ∈ R
n, the function V (t, x) is periodic in t with period T . The elements of the sym-

metric matrix B(t) are to be real-valued functions bjk(t) = bkj (t), and each function is to be
periodic with period T . We will consider each function to be defined on the interval I .

We shall study this problem under the following assumptions. Our assumption on B(t) is:

(B1) Each component of B(t) is an integrable function on I , i.e., for each j and k, bjk(t) ∈
L1(I ).

This assumption implies that there is a linear operator D depending on B(t) having spectrum
consisting only of isolated eigenvalues of finite multiplicities tending to ∞. (D is defined in the
next section.)

Concerning the potential V (t, x) we assume:

(V 1) There exist functions W1,W2 ∈ L1(I ) and consecutive eigenvalues λl , λl+1 of D such that
for any t ∈ I and any x ∈ R

n,

λl |x|2 − W1(t) � 2V (t, x) � λl+1|x|2 + W2(t). (4)

(V 2) There exists a function W0(t) ∈ L1(I ) such that for any t ∈ I and any x ∈ R
n,

H(t, x) = 2V (t, x) − x · ∇xV (t, x) � −W0(t).

(V 3) H(t, x) → ∞ uniformly in t as |x| → ∞.

Assumptions (V 2) and (V 3) can be replaced by:

(V 2′) There exists a function W0(t) ∈ L1(I ) such that for any t ∈ I and any x ∈ R
n,

H(t, x) � W0(t),

and

(V 3′) H(t, x) → −∞ uniformly in t as |x| → ∞.

Then we have

Theorem 1.1. If the functions B(t) and V (t, x) satisfy assumptions (B1), (V 1), (V 2) and (V 3),
then there exists a T -periodic weak solution to (1) whose weak second derivative is an element
of L1(I ). If the function V (t, x) satisfies ∇xV (t,0) �= 0, the solution of (1) is not trivial. The
conclusions are also valid if we replace assumptions (V 2) and (V 3) with (V 2′) and (V 3′).

In all of the previous results dealing with the full system (1), the hypotheses cause either the
linear terms (kinetic energy) to dominate the nonlinear terms (potential energy) or vice versa.
In either case, the subordinate terms become perturbations of the dominant terms. In the present
paper each accommodates the other; neither is dominant.
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