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Abstract

We consider a parametric nonlinear Robin problem driven by the p-Laplacian. We show that if the pa-
rameter λ > λ̂2 = the second eigenvalue of the Robin p-Laplacian, then the problem has at least three
nontrivial solutions, two of constant sign and the third nodal. In the semilinear case (p = 2), we show that
we can generate a second nodal solution. Our approach uses variational methods, truncation and pertur-
bation techniques, and Morse theory. In the process we produce two useful remarks about the first two
eigenvalues of the Robin p-Laplacian.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Let Ω ⊆ R
N be a bounded domain with a C2-boundary ∂Ω . In this paper we study the fol-

lowing nonlinear parametric Robin problem:

⎧⎪⎨
⎪⎩

−�pu(z) = λ
∣∣u(z)

∣∣p−2
u(z) − f

(
z,u(z)

)
in Ω,

∂u

∂np

(z) + β(z)
∣∣u(z)

∣∣p−2
u(z) = 0 on ∂Ω.

(Pλ)

In this problem, �p (1 < p < ∞) denotes the p-Laplacian differential operator defined by

�pu = div
(‖Du‖p−2Du

)
for all u ∈ W 1,p(Ω).

Also, ∂u
∂np

= ‖Du‖p−2(Du,n)RN with n(z) being the outward unit normal at z ∈ ∂Ω . In ad-
dition, λ > 0 is a parameter and f (z, x) is a Carathéodory perturbation (that is, for all x ∈ R,
z �→ f (z, x) is measurable and for a.a. z ∈ Ω , x �→ f (z, x) is continuous), which exhibits
(p − 1)-superlinear growth near ±∞.

Our aim in this paper is to prove a multiplicity theorem for problem (Pλ) for all λ > 0 big.
More precisely, we show that, if λ̂2 is the second eigenvalue of −�p with Robin boundary
conditions (denoted by −�R

p ) and λ > λ̂2 then problem (Pλ) admits at least three nontrivial
solutions, two of constant sign (the first positive and the second negative) and the third solution
is nodal (sign changing). Moreover, in the semilinear case (p = 2), we show the existence of
a second nodal solution, for a total of four nontrivial solutions all with sign information. Our
approach uses variational methods coupled with suitable truncation and perturbation techniques
and Morse theory.

This kind of problem was studied for semilinear (that is, p = 2) Dirichlet equations by Am-
brosetti and Lupo [2], Ambrosetti and Mancini [3] and Struwe [20], [21, p. 133]. Extensions to
Dirichlet p-Laplacian equations can be found in Papageorgiou and Papageorgiou [18]. However,
none of the aforementioned works produced nodal solutions and the hypotheses on the data of the
problem are more restrictive. Another class of Robin eigenvalue problems was investigated by
Duchateau [7], who proved multiplicity results producing two solutions with no sign information.

2. Mathematical background – auxiliary results

Let X be a Banach space and let X∗ be its topological dual. By 〈·, ·〉 we denote the dual-
ity brackets for the pair (X∗,X). Given ϕ ∈ C1(X), we say that ϕ satisfies the Palais–Smale
condition (PS-condition for short), if the following is true

“Every sequence {xn}n�1 ⊆ X such that
{
ϕ(xn)

}
n�1 ⊆R is bounded and

ϕ′(xn) → 0 in X∗admits a strongly convergent subsequence.”
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