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Abstract

In this paper, we consider the following integral system

q
u(x.b) = ut(y, b)

—dy, 0.1)
(b +1x —yD*
Rn

which is related to the weak type convolution-Young’s inequality. Under the assumption of that A € (0, n)
and 0 < g < n/A, we show that system (0.1) doesn’t have a positive solution in LZ)C (R™). Furthermore, we
prove thatas A € (0,n —1/3) and ¢ =2n /1 — 1, system (0.1) does not admit positive solution in LITI(RY)
(n > 2), which implies that the maximizing pair of the weak type convolution-Young’s inequality with
kernel function (b + |x|)~* does not exist. Meanwhile, for A € (—o0, 0) and g =2n/A — 1, we also show
that the system (0.1) doesn’t admit non-negative Lebesgue measurable solution. This is distinct from the
original conformal invariant integral system.
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1. Introduction

In this paper, we study the non-existence of positive solutions for the following integral equa-
tion

_ ul(y, b)
R

The motivation for studying this system comes from the maximizing pair (f, g) and its related
sharp constant of the weak type convolution-Young’s inequality (see (1.4) below). To figure out
the origin of this system, we firstly introduce some necessary notions and background. Let R”,
n > 2, be the n dimensional Euclidean space and S"~! be the unit sphere in R” equipped with
normalized Lebesgue measure diu = du(-). For a measurable function f on R”, let us recall the
distribution of f defined by

L@ =xrpt)=p({x eR" | f(x)] >1}).

For 0 < p < o0, the LP(R™) and L?-*°(R") will denote the set of all measurable function on R”
such that

1/p o0 1/p
LP(R") = {f: I fllLr ey = </|f(x)|pdx> = (p/tp_l)\f(t)dt> < oo} (1.2)

R7 0
and
.00 (1on . n \7 1/p
LP®(R") = {f. Lf Wl oo gy = (W) ;li%y(kf(y)) } (1.3)
For simplicity, we denote || - [|Lr(r#) and || - [[Lr.con) by || - [|p and || - | ,00, Tespectively. For

every positive function & € LP-*°(R"), the weak type convolution- Young’s inequality states that

//f(X)h(x—y)g(y)dxdySC(p,s,r)llhllp,oollfllrllglls (1.4)

R R"

forall feL"(R"),geL*(R"),1 <s,p,r<ooand1l/s+1/p+1/r=2.
To prove the existence of the sharp maximizing pair ( f, g) in (1.4) and explicitly compute the
best constant C (s, n, r) and (f, g), we maximize the functional:

J(f. g)=//f()€)g(y)h(x—y)dxdy, (1.5)

R? R”

under the constraint conditions:

Ifll-=llglls=1, and f g>0.
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