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Abstract

In this paper we study the asymptotic behavior of boundary blow-up solutions to the equation �∞u =
b(x)f (u) in Ω , where �∞ is the ∞-Laplacian, the nonlinearity f is a positive, increasing function in
(0,∞), and the weighted function b ∈ C(Ω̄) is positive in Ω and may vanish on the boundary. We first
establish the exact boundary blow-up estimates with the first expansion when f is regularly varying at
infinity with index p > 3 and the weighted function b is controlled on the boundary in some manner.
Furthermore, for the case of f (s) = sp(1 + c̃g(s)), with the function g normalized regularly varying with
index −q < 0, we obtain the second expansion of solutions near the boundary. It is interesting that the
second term in the asymptotic expansion of boundary blow-up solutions to the infinity Laplace equation is
independent of the geometry of the domain, quite different from the boundary blow-up problems involving
the classical Laplacian.
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MSC: 35J70; 35J25; 35B40

Keywords: Infinity Laplacian; Asymptotic estimate; Boundary blow-up; First and second expansions; Comparison
principle

✩ Supported by the National Natural Science Foundation of China (11101060, 11171048) and the Fundamental
Research Funds for the Central Universities (DUT13LK36).

* Corresponding author.
E-mail address: snzheng@dlut.edu.cn (S. Zheng).

http://dx.doi.org/10.1016/j.jde.2014.02.018
0022-0396/© 2014 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2014.02.018
http://www.elsevier.com/locate/jde
mailto:snzheng@dlut.edu.cn
http://dx.doi.org/10.1016/j.jde.2014.02.018


3722 W. Wang et al. / J. Differential Equations 256 (2014) 3721–3742

1. Introduction

Let Ω be a bounded C1 domain in R
N , N � 2. In this paper we study the boundary asymptotic

behavior for solutions to the following problem:

{
�∞u = b(x)f (u) in Ω,

u = ∞ on ∂Ω
(1.1)

with the weighted function b and the nonlinearity f satisfying

(H-b) b ∈ C(Ω̄), b > 0 in Ω ;
(H-f) f ∈ C[0,∞), f (0) = 0, f is increasing in (0,∞).

Here

�∞u :=
N∑

i,j=1

uxi
uxj

uxixj

is the infinity Laplacian that arises in the work of Aronsson [1] to deduce that the infinity Laplace
equation �∞u = 0 is the Euler–Lagrange equation for smooth absolute minimizers. However,
this elliptic operator is fully nonlinear and highly degenerate, and in general does not have smooth
solutions. By adopting the viscosity solutions introduced by Crandall and Lions [13], Jensen [25]
proved the equivalence of absolute minimizers and viscosity solutions of the Dirichlet problem to
the infinity harmonic equation, and obtained the uniqueness of solutions. Since then, the infinity
Laplace equation has been extensively studied, see e.g. [12,20,26,31,41] and the survey [2].

A natural extension for the study of the infinity Laplace equations is to consider the inhomo-
geneous infinity Laplace equation

�∞u = h(x,u), (1.2)

where h :Ω × R → R is continuous. The inhomogeneous equation (1.2) with h independent
of u was first studied in [32], including existence, uniqueness and stability. The game theory
formulation and the PDE interpretation for the normalized infinity Laplacian were given in [39]
and [33,35], respectively. When the inhomogeneous term h depends on both the variables x

and u, the Dirichlet problem of (1.2) was considered in [10] for the h with the sign and the
monotonicity restrictions, and in [11] without these restrictions. Some sufficient conditions on h

and Ω have been proposed to ensure the existence or nonexistence of solutions. See also [34] for
the comparison principle and uniqueness to a very general inhomogeneous equations containing
the infinity Laplacian.

By a solution to the problem (1.1), we mean a nonnegative function u ∈ C(Ω) that satisfies
the equation in the viscosity sense (see Section 2 for definition) and the boundary condition
with u(x) → ∞ as the distance function d(x) := dist(x, ∂Ω) → 0. Such a solution is called a
boundary blow-up solution. It was shown in [37] that problem (1.1) admits a nonnegative solution
if and only if the Keller–Osserman condition

∞∫
1

dt
4
√

F(t)
< ∞, F (t) =

t∫
0

f (s) ds (1.3)
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