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We consider the system of quadratic nonlinear Klein–Gordon
equations {

∂2
t v1 − �v1 + m2

1 v1 = v1 v2,

∂2
t v2 − �v2 + m2

2 v2 = v2
1

in two space dimensions. Under the mass condition such that
2m1 > m2, we construct the scattering operator in an almost
natural weighted Sobolev class H1+δ,1 or the scattering problem
in lower order Sobolev class H1+δ

4
3 −δ

∩ H1+δ , where δ > 0 is small.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

We consider a system of quadratic nonlinear Klein–Gordon equations

{
∂2

t v1 − �v1 + m2
1 v1 = v1 v2,

∂2
t v2 − �v2 + m2

2 v2 = v2
1

(1.1)

in two space dimensions, where v1, v2 are real-valued functions, � = ∑2
j=1 ∂2

j is the Laplacian, ∂ j =
∂/∂x j , m1,m2 > 0 are the masses of the particles. We have the conservation of the energy
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d

dt

(
E1(t) + 2E2(t) −

∫
R2

v2
1 v2(t, x)dx

)
= 0,

where the energy

E j(t) = ∥∥∂t v j(t)
∥∥2

L2 + ∥∥∇v j(t)
∥∥2

L2 + m2
j

∥∥v j(t)
∥∥2

L2 .

However it is not enough to ensure the global existence of solutions.
Quadratic nonlinear Klein–Gordon equations in two space dimensions are critical for the scattering

problem. In order to remove the critical nonlinearities, we use the method of the normal forms of
Shatah [15] which requires us to estimate the bilinear operators depending on the nonlinearities and
the Klein–Gordon evolution group Um(t) = e−it〈i∇〉m .

It is shown in [16] that a small solution (v1, v2) to the Cauchy problem for system (1.1) exists
globally and is asymptotically free. Moreover, under the nonresonance mass condition 2m1 �= m2 and
rather strong hypotheses on the initial data, it was proved that the time decay estimates for the solu-
tions are the same as that for the linear problem. Global existence and time decay of small solutions
were obtained in [10] for the resonance case 2m1 = m2, under some regularity and compactness con-
ditions on the initial data. However the large time asymptotics is not known for the case of 2m1 = m2.
Our purpose in this paper is twofold. First, under the mass condition 2m1 > m2, we will prove the
global existence of small solutions, find their asymptotic behavior and give a positive answer to the
scattering problem in an almost natural weighted Sobolev space H1+δ,1(R2) with δ > 0. Another pur-
pose is to prove existence of the scattering states and wave operators in the lower order Sobolev space
H1+δ

4
3 −δ

(R2)∩ H1+δ(R2). It seems that the method of algebraic normal forms used in [16] does not work

well for the construction of the scattering operator even if we consider the problem in higher order
Sobolev spaces. On the other hand, the method of algebraic normal forms works well for a proof of
global existence of solutions in the case of 2m1 < m2. However our proof depends on Proposition 2.1,
and so does not work for this case. Thus the existence of the scattering operator is an open problem
for the case of 2m1 � m2.

The existence of the scattering states in the neighborhood of the origin in the space H1+ n
2 ,1(Rn) ∩

H
n
2 ,1(Rn) for the super critical nonlinear Klein–Gordon equation{

utt − �u + u = μ|u|p−1u, (t, x) ∈ R × Rn,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rn,

was proved in [6], where p > 1 + 2
n , μ ∈ C, n = 1,2. The same method is useful for the system of

super critical nonlinear Klein–Gordon equations{
∂2

t v1 − �v1 + m2
1 v1 = |v2|p−2 v2 v1,

∂2
t v2 − �v2 + m2

2 v2 = |v2|p−2 v2
1.

Note that the mass condition is not needed in the super critical case p > 1 + 2
n . The regularity of

order 1 + n
2 was required for the above problem, so that the method of normal forms of [15], which

is one of our tools, works well to reduce the order of regularity of the data.
By changing the dependent variables u j = 1

2 (v j + i〈i∇〉−1
m j

∂t v j), we find that u1 and u2 satisfy the
following system of equations {

Lm1 u1 = 2i〈i∇〉−1
m1

(Re u1)(Re u2),

Lm2 u2 = 2i〈i∇〉−1
m2

(Re u1)
2,

(1.2)

where Lm = ∂t + i〈i∇〉m , 〈i∇〉m = √
m2 − �.
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