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Abstract

This paper is concerned with an optimal control problem related to the determination of an optimal pro-
file for the steam temperature into the autoclave along the processing of canned foods. The problem studies
a system coupling the evolution Navier—Stokes equations with the heat transfer equation by natural con-
vection (the so-called Boussinesq equations), and with the microorganisms removal equation. The essential
difficulties in the study of this multistate control problem arise from the lack of uniqueness for the solution
of the state system. Here we obtain—after a careful analysis of the problem mathematical formulation—the
uniqueness of part of the state, and the existence of optimal solutions.
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1. Introduction

The most usual technique of thermal processing for long time food conservation is canning, in
which the foods are previously packed and then sterilized. With this method, the containers (cans,
bottles, pouches. . .) are heated inside an autoclave with steam during a time interval, long enough
to reduce the pathogenous microorganisms concentrations down to suitable levels. Unfortunately,
this technique usually makes the foods to be thermally overprocessed, because of the preventive
measures usually observed by food industry. This excessive security factor in thermal processing
leads to an unnecessary increase in energy costs, a nutrient degradation and a deterioration of
the organoleptic properties: color, taste, smell. .. Mathematical modelling and optimal control,
applied to this industrial problem, can offer a very interesting tool for analyzing these processes,
increasing their efficiency and improving the technical design of the related equipment.

According to the heat transfer mechanism, canned foods are divided into conduction heated
and convection heated. Most of the mathematical literature in this area has been devoted to con-
duction heated products. However, this analysis is only suitable for heating of “solid” foods, and
not for “liquid” foods, where the heat transfer inside the containers occurs by natural convection.
Natural convection in enclosures has been analyzed for such diverse applications as nuclear re-
actors, petrochemical industries or alimentary processes. In the mathematical literature related
to food industry so much finite elements as finite differences methods have been applied with
different rates of success in the numerical resolution of the model (cf., for instance, Stevens [15],
Engelman and Sani [9], Datta [8], Kumar et al. [12], and the references therein). From a theoret-
ical point of view, the first study on the modelling and control of sterilization processes where
heat transfer occurs by natural convection has been developed by Alvarez-Vazquez and Martinez
[3]. (A more complex theory for “viscous” canned foods, with temperature-dependent viscosity
has been recently derived by Alvarez-Vazquez et al. in [2].)

In all of these works an artificial term involving turbulence minimization is included in the cost
function, following an idea of Abergel and Temam [1] and Casas [7], in such a way that the solu-
tion of the state system be unique and, consequently, the relation control-state be single-valued.
Therefore, the derivation of the optimality conditions for the optimal solutions will be an obvious
(although laborious) computation. Nevertheless, for the sake of reliability, in our problem we will
not take into account this turbulence term. So, we cannot expect uniqueness for the solution of the
state system (since the weak solutions of the evolution three-dimensional Navier—Stokes equa-
tions are involved). Thus, we will have to deal with a so-called multistate optimal control prob-
lem, where the existence of optimal controls is not a direct result. In recent times several results
have been achieved for non-well-posed optimal control problems related to the Boussinesq equa-
tions (see, for instance, Wang [18] or Li [14]), but all of them under very strong and non-realistic
regularity assumptions on the velocity of the type y € L>(0, T; H2(£2)>) N W1H2(0, T; L2(£2)3).

In this paper we study, from a mathematical point of view, an optimal control problem related
to the determination of a suitable profile for the steam temperature in the autoclaves during the
processing time. The problem deals with a system of partial differential equations coupling the
Navier—Stokes equations with the heat transfer equation by natural convection (the so-called
Boussinesq system), coupled with the convection—reaction—diffusion equation for the evolution
of the microorganisms concentration. This problem will be subject to constraints on the control
(steam temperature) and on the state (microorganisms concentration) which the process must
satisfy.

Thus, in Section 2 we deeply analyze the problem: we present a rigorous mathematical for-
mulation of the industrial problem as a boundary optimal control problem with control and state
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