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1. Introduction

The principle of linearized stability is a well-known and powerful tool for proving stability or
instability of equilibria of nonlinear evolution equations. It is known to be true for large classes of
nonlinear evolution equations, even for such which are nonlocal. The literature on this subject is
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large. Since here we are mainly interested in quasilinear parabolic problems, we only refer to the
monograph by Lunardi [21], and to [1,24].

In this paper we will consider the following situation: suppose that for a nonlinear evolution
equation we have a C!-manifold of equilibria £ such that at a point u, € &, the kernel N(Aq) of the
linearization Ag is isomorphic to the tangent space of £ at u,, the eigenvalue 0 of Ag is semi-simple,
and the remaining spectral part of the linearization Ag is stable. Then solutions starting nearby u,
exist globally and converge to some point on £. This result is well known to specialists in the area
of dynamical systems (where it is considered a folk theorem), but might be less familiar to people in
the PDE community.

The situation described above occurs frequently in applications. We call it the generalized principle
of linearized stability, and the equilibrium u, is then termed normally stable.

A typical example for this situation to occur is the case where the equations under consideration
involve symmetries, i.e. are invariant under the action of a Lie group G. If then u, is an equilibrium,
the manifold £ includes the action of G on u, and the manifold Gu, is a subset of £.

A standard method to handle situations as described above is to refer to center manifold theory. In
fact in that situation the center manifold of the problem in question will be unique, and it coincides
with &£ near u,. Thus the so-called shadowing lemma in center manifold theory implies the result.
Center manifolds are well-studied objects in the theory of nonlinear evolution equations. For the
parabolic case we refer to the monographs [18,21], and to the publications [6,7,10,19,20,22,28,29].

However, the theory of center manifolds is a technically difficult matter. It usually involves higher
regularity of the involved nonlinearities—in particular concerning the shadowing property. Therefore
it seems desirable to have a simpler, direct approach to the generalized principle of linearized stability
which avoids the technicalities of center manifold theory.

The purpose of this paper is to present such an approach. It turns out that the effort is only
slightly larger than that for the proof of the standard linearized stability result—which is simple. We
emphasize that our approach requires only C!-regularity for the nonlinearities. By several examples
we will illustrate that our result is applicable to a variety of interesting problems in different areas of
applied analysis. It is our belief that the approach devised in this manuscript will be fruitful for the
stability analysis of equilibria for parabolic evolution equations that involve symmetries in the way
described above.

Here we would also like to mention the work in [9], where the action of a Lie group has been used
for the stability analysis of equilibrium solutions. However, the approach given here is considerably
more general and flexible.

In Section 2 we formulate and prove our main result for abstract autonomous quasilinear parabolic
problems. Theorem 2.1 implies, for instance, the main result in [15] on convergence of solutions for
the Mullins-Sekerka problem. We also show by means of examples that the conditions of Theorem 2.1
are necessary in order to have convergence to a single equilibrium.

In Section 3, we consider quasilinear parabolic systems with nonlinear boundary conditions and
we show that our techniques can also be applied to this situation. Sections 4 and 5 illustrate the
scope of our main result, as we show convergence towards equilibria for the Mullins-Sekerka model,
and stability of travelling waves for a quasilinear parabolic equation.

In Section 6 we consider the so-called normally hyperbolic case, where the remaining part of the
spectrum of Ag also contains an unstable part away from the imaginary axis. In this situation, one
cannot expect convergence of all solutions starting near u,, but only for those initial values which are
on the stable manifold.

To cover the quasilinear case our approach makes use of maximal Lp-regularity in an essential
way. As general references for this theory we refer to the recent publications [11,12], to the survey
article [24], and also to [2-4,8,21].

In a forthcoming paper these results are extended to the case where the boundary conditions are
of relaxation type, i.e. are coupled with an evolution equation on the boundary, as in [13]. Problems
of the last kind are important e.g. for the Stefan problem with surface tension, see [14,26], and for
the two-phase Navier-Stokes problem with a free boundary.

Finally, we should like to point out that the generalized principle of linearized stability described
in the current paper can also be adapted and applied to fully nonlinear parabolic equations, see [27].
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