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We study the following class of scalar hyperbolic conservation laws
with discontinuous fluxes:

∂tρ + ∂x F (x,ρ) = 0. (0.1)

The main feature of such a conservation law is the discontinuity
of the flux function in the space variable x. Kruzkov’s approach for
the L1-contraction does not apply since it requires the Lipschitz
continuity of the flux function in x; an additional jump wave may
occur in the solution besides the classical waves; and entropy
solutions even for the Riemann problem are not unique under the
classical entropy conditions. On the other hand, it is known that, in
statistical mechanics, some microscopic interacting particle systems
with discontinuous speed-parameter λ(x) in the hydrodynamic
limit formally lead to scalar hyperbolic conservation laws with
discontinuous fluxes of the form

∂tρ + ∂x
(
λ(x)h(ρ)

) = 0. (0.2)

The natural question arises which entropy solution the hydrody-
namic limit selects, thereby leading to a suitable, physical relevant
notion of entropy solutions of this class of conservation laws. This
paper is a first step and provides an answer to this question
for a family of discontinuous flux functions. In particular, we
identify the entropy condition for (0.1) and proceed to show
the well-posedness by combining our existence result with a
uniqueness result of Audusse and Perthame (2005) for the family
of flux functions; we establish a compactness framework for the
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hydrodynamic limit of large particle systems and the convergence
of other approximate solutions to (0.1), which is based on the
notion and reduction of measure-valued entropy solutions; and
we finally establish the hydrodynamic limit for a ZRP with
discontinuous speed-parameter governed by an L∞ entropy solu-
tion to (0.2).

© 2008 Elsevier Inc. All rights reserved.

1. Introduction

We are concerned with the following class of scalar hyperbolic conservation laws with discontinu-
ous fluxes:

∂tρ + ∂x F
(
x,ρ(t, x)

) = 0 (1.1)

and with initial data

ρ|t=0 = ρ0(x), (1.2)

where F (x,ρ) is continuous at all points of (R \ N ) × R except on a set N ⊂ R of measure zero.
The main feature of (1.1) is the discontinuity of the flux function in the space variable x. This

feature causes new important difficulties in conservation laws. Kruzkov’s approach in [18] for the L1-
contraction does not apply; an additional jump wave may occur in the solution besides the classical
waves; and entropy solutions even for the Riemann problem of (1.1) are not unique under the classical
entropy conditions.

Several different entropy conditions have been suggested in the literature (see [1,2,4,5,10,15,17,21]
and the references therein). One type of entropy conditions involves a rule how the solution should
behave at the jump wave induced by the discontinuity in the flux, that is, the solution is required
to satisfy an additional condition on its traces at the discontinuous points of the flux function, for
which the existence of traces of the solution is needed. An alternative entropy condition in [2,4] is
an adapted entropy condition that uses steady-state solutions to replace the constant parameter in
the Kruzkov entropy inequality. This is quite an attractive notion since it does not require the traces
of the entropy solution, which allows the solution only in L∞ . In this paper, we establish the well-
posedness in L∞ for conservation laws with a certain class of flux functions (cf. conditions (H1)–(H2)
and (H3) or (H3′) in Section 2 below) by providing an existence proof to supplement the uniqueness
result in [2].

The entropy condition based on the traces of solutions at the jump waves has lead to the existence
and uniqueness of the solutions for a wider class of flux functions than those satisfying (H1)–(H2)
and (H3) or (H3′) in Section 2. The Cauchy problem (even the Riemann problem) may lead to dif-
ferent solutions depending on which choice of the conditions on the traces of solutions is made (for
example, see [2]). If one restricts oneself to the flux functions satisfying (H1)–(H2) and (H3′) in Sec-
tion 2 (in which F (x, ·) in (1.1) is monotone) and to the entropy solutions in the class of functions
of bounded variation, the two notions of entropy conditions addressed above will lead to the same
solution. This is not the case for the flux functions satisfying (H1)–(H2) and (H3) in which F (x, ·) is
non-monotone.

On the other hand, in statistical mechanics, some microscopic interacting particle systems with
discontinuous speed-parameter λ(x) in the hydrodynamic limit formally lead to scalar hyperbolic con-
servation laws with discontinuous flux of the form

∂tρ + ∂x
(
λ(x)h(ρ)

) = 0 (1.3)
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