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Abstract

In this paper, we are concerned with the optimal L”—L9 convergence rates for the compressible Navier—
Stokes equations with a potential external force in the whole space. Under the smallness assumption on both
the initial perturbation and the external force in some Sobolev spaces, the optimal convergence rates of the
solution in L4-norm with 2 < ¢ < 6 and its first order derivative in L2-norm are obtained when the initial
perturbation is bounded in L? with 1 < p < 6/5. The proof is based on the energy estimates on the solution
to the nonlinear problem and some LP-LY estimates on the semigroup generated by the corresponding
linearized operator.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the initial value problem of the compressible Navier—Stokes equations with a poten-
tial force in the whole space:
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(0, u)(0, x) = (po, u0) (x) = (Poo, 0) as |x] — oo.

A

V(V-u)—Vo(x), (1.1)

Here, t > 0, x = (x1,x2,x3) € R3. The unknown functions p=p@,x)>0and u =u(t,x) =
(up(t, x),uar(t, x), u3(t, x)) denote the density and velocity, respectively. P = P(p) is the pres-
sure function, —V¢(x) is the time independent potential force, wu, p’ are the viscosity coeffi-
cients, and (po, 0) is the state of initial data at infinity. In the following discussion, it is assumed
that u and u’ satisfy the physical conditions u > 0 and ' + % u = 0, while ps is a positive
constant and P (p) is smooth in a neighborhood of ps With P/(ps) > 0.

For the Navier—Stokes equations (1.1);—(1.1), with potential force, the stationary solution
(p«, uy) 18 given by (p4(x), 0), where p,(x) satisfies, cf. [14],
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The global existence of solutions to the nonlinear problem (1.1) near the steady state (o, 0)
with initial perturbation in H3 was proved by Matsumura and Nishida [14]. In this paper, we
want to obtain the optimal convergence rate of the solution to the steady state when the initial
perturbation is also bounded in L? with 1 < p < 6/5. Precisely, the result can be stated as
follows.

Theorem 1.1. Let (p, u) be a global classical solution in H? to the initial value problem (1.1),
and (p4, 0) be the corresponding stationary solution. For given 1 < p < 6/5, suppose that the
potential function ¢ (x) and the initial perturbation satisfy

4
HM“ZMM+ZHU+MDWME%MW<Q (13)
(oo = o) | 5 < e (14)

for some small constant € > 0, and
(oo = ps.u0) |, < +00. (1.5)

Then, there exist constants €g > 0 and Cy > 0 such that for any 0 < € < €y, we have

[V G0 = pies )] 2 < Col + 1)@=V k=1,2,3, (1.6)
(o = P )(®) | ;2 < Co(1 + 1) PZ0), (1.7)

Furthermore,

[0 = s @ 1y < Col +0)77PE0 1 2< g <6. (1.8)
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