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Abstract

We study in this paper the asymptotic behaviour of the weak solutions of the three-dimensional Navier–
Stokes equations. On the one hand, using the weak topology of the usual phase space H (of square integrable
divergence free functions) we prove the existence of a weak attractor in both autonomous and nonau-
tonomous cases. On the other, we obtain a conditional result about the existence of the strong attractor,
which is valid under an unproved hypothesis. Also, with this hypothesis we obtain continuous weak solu-
tions with respect to the strong topology of H .
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

There has been in the last years, and also in the present a great interest in studying the as-
ymptotic behaviour of the weak solutions of the three-dimensional Navier–Stokes equations.
Whereas in the two-dimensional case the existence of the global attractor is a well-known result
in both the autonomous and nonautonomous cases (see [4,10,22,31,35]), the three-dimensional
case contains some difficult problems to overcome. On the one hand, it is not known whether
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the weak solution corresponding to the Cauchy problem is unique or not. On the other, and this
is the main difficulty, so far the weak solutions were proved to be continuous in time only with
respect to the weak topology of the phase space.

Several partial results have been obtained so far by different authors. Raugel and Sell [29]
proved the existence of the attractor in thin domains, whereas in [11,33] it is studied the exis-
tence of a trajectory attractor. The last result was generalized to the stochastic case by Flandoli
and Schmalfuss [15]. The main idea in this method is to replace the usual phase space by the
space of all trajectories. Then it is studied the asymptotic behaviour of the translation semigroup.
Another approach, which is similar to the previous one, is used in [13], where instead of the
whole trajectory it is studied the asymptotic behaviour of small pieces of them, that is, of the
restriction of the solution to a small time interval. The idea in these two methods is to avoid the
problem of the lack of continuity by using a weaker topology, namely, the topology of square
integrable functions on finite intervals of time.

As mentioned before, the main difficulty in trying to prove the existence of the global attractor
is the lack of continuity in time of the weak solutions. Assuming the unproved hypothesis that the
weak solutions are continuous in the strong topology, Ball [5] obtained the existence of the global
attractor. Later on, this result was extended in [12] and [32]. The stochastic case is considered
in [28].

Finally, in [6,7] the authors obtain the existence of the attractor assuming strong restrictions
on the external force. The idea in these papers is that, after a sufficiently big time, the weak
solutions become strong ones, and then a standard continuous semigroup can be defined.

Our first aim in this paper is related to the existence of a strong global attractor. As in the above
mentioned papers, we have obtained only a conditional result, that is, valid under an unproved
hypothesis on the solutions.

Assuming that for every initial data in V there exists a weak solution satisfying a suitable
estimate in the space (L4(Ω))3 we prove the existence of at least one strongly continuous solu-
tion for every initial data in H . The same result is obtained if we assume that the Navier–Stokes
system is well posed in the space V , where H , V are the usual spaces of the Navier–Stokes
system.

Once the problem of the continuity is solved (conditionally), we use the method of multival-
ued semiflows or processes (see [2,3,24–26]) in order to study the asymptotic behaviour of the
solutions; in particular, we obtain the existence of a global compact attractor in both autonomous
and nonautonomous cases. Another approach, which is rather similar, is the method of gener-
alized semigroups (see [5,14]). A comparison of these two theories can be found in [8]. The
method of multivalued semiflows has been applied successfully in several models (see, among
others, [9,19,20,27,36]).

We note that it is well known that when the Navier–Stokes system is well posed in V , then the
corresponding semigroup in V possesses a compact global attractor (see [35, p. 382]). Now, we
have proved that if the Navier–Stokes system is well posed in V , then we can define a multivalued
semiflow in H having a compact global attractor.

Our second aim is to prove the existence of a weak global attractor. For external forces f

in L∞(R;H) we define a family of multivalued processes UR from the ball of radius R � R0
into itself, where R0 is a fixed constant depending on the parameters of the problem. We prove
for any R � R0 the existence of a global attractor AR but considering the attracting property in
the weak topology of the phase space. Moreover, it is shown that the global attractor does not
depend on R, i.e., AR = AR0 , for all R � R0. As a particular case, we obtain these results in the
autonomous case, i.e., when f ∈ H .
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