Available online at www.sciencedirect.com

e . ) Journal of
ScienceDirect Differential

Equations

¥

ELSEVIER J. Differential Equations 232 (2007) 329-351

www.elsevier.com/locate/jde

Three spheres inequalities for a two-dimensional elliptic
system and its application

Ching-Lung Lin**!, Gen Nakamura ", Jenn-Nan Wang ¢

& Department of Mathematics, National Chung Cheng University, Chia-Yi 62117, Taiwan
b Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan
¢ Department of Mathematics, National Taiwan University, Taipei 106, Taiwan

Received 10 May 2006; revised 2 September 2006
Available online 29 September 2006

Abstract

In this paper we prove three spheres inequalities for a two-dimensional strongly elliptic system. We then
give an application of these three spheres inequalities to the inverse problem of identifying cavities by
partial boundary measurements.
© 2006 Elsevier Inc. All rights reserved.

1. Introduction

Assume that £2, a bounded open set in R? with C? boundary. Without loss of generality, we
may assume that £2 contains the origin and Bg C §2 for some R > 0. We denote By the open
ball centered at the origin with radius R. Let C(x) = (Cjj (x)) € W1°(£2) be a real rank-four
tensor satisfying the major symmetry property

Cijki(x) = Crij(x) Vi, j, k,I, andx € £, (1.1)
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and the strong ellipticity condition, i.e. there exists a constant § > O such that

Y Cijux)aibjagb; > 8lal’|b|* (1.2)
ijkl

for all x € £ and vectors a = [ay, a2]", b =[b1, b2]". Here and below, all Latin indices are set
to be from 1 to 2. We consider the equilibrium equation

(Lu)i =Y Cijud;dur + Y Aidux + Y Bigug =0 in 2 (1.3)
Jok,l ki k

with Aj(x), Bijri(x) € L%(82). A special case of (1.3) is the two-dimensional elasticity system.
To state our main result, we now rewrite (1.3) into the matrix form with u = [u], u2]", namely,

Lu=A1183u+ Aaddu + Apdsu + Ru =0, (1.4)
where
A1 = (Ciik), Ay = (Cizk2), Ap=®+ @' with ® = (Cio1)
and
Ru = A101u + Ar0u + Bu, with A; = (A;i;) and B = (By).
The main result of the paper is now stated as follows.

Theorem 1.1. Assume that the tensor C(x) = (Cjjx(x)) € Whoo(2) satisfies (1.1) and (1.2).
Let (i(x), z(x)) € WLoo(2) be an eigenpair of the quadratic pencil ANME 4+ Apph+ An, ie.

(Anfi* + Apji + Ap)z(x) =0 Vx e 2.

Furthermore, we suppose that the matrix function [z(x), z(x)] is nonsingular for all x € 2. Then
for Ry, Ry, and Rz satisfying 0 < Ry < Ry < R3 < R, there exist positive constants ¢ > 0 and

0 < 1 < 1 such that
T 1—-t
/|u|2dx<c< / |u|2dx) </|u|2dx) (1.5)
BR2 BR1 BR3

foru € H'(Bg) satisfying (1.3) in Bg, where ¢ and T depend on R/ R3, R2/R3, and coefficients
Cijki, Ajki, Bik.

Remark 1.2. It was shown in [15] that the assumptions on the eigenpair of the quadratic pencil
A11A% 4+ Aad + Ay is generic. Furthermore, if Lu is the isotropic elasticity system, then these
assumptions hold without extra restriction on Lamé coefficients (see [13]).
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