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1. Introduction

In this paper we obtain equivalent norms in the Lebesgue-Bochner space LP(R™,B), 1 < p < oo, where
B is a UMD Banach space, in terms of conical square functions defined via fractional derivatives of Poisson
semigroups associated with Bessel, Laguerre and Schrédinger operators. According to the ideas developed
by Hytonen, van Neerven and Portal [36] we use appropriate tent spaces using «-radonifying operators (or,
in other words, methods of stochastic analysis in a Banach valued setting).

We denote by P;(z), the classical Poisson kernel in R"™, that is,

t
C”(‘Z|2 +t2)(n+1)/2’

Pi(z) = t>0 and z € R",

where ¢, = T'((n + 1)/2)/71-(”+1)/2_
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Segovia and Wheeden [50] introduced fractional derivatives as follows. Suppose that 8 > 0 and m € N is
such that m — 1 < 8 <m. If F: Q x (0,00) — C is a reasonable nice function, where Q C R™, the 3-th
derivative with respect to t of F' is defined by

o—in(m—B)

OF@ ) =T gy

o0
/3Z"F(x,t +5)s™ P lds >0 and z € Q.
0

In [50] this fractional derivative was used to get characterizations of classical Sobolev spaces.
As in [58] we define the $-conical square function Sg by

1/2
2 dydt
ssn@=| [ Patnnw| 5| . eer
I'(z)
where P;(f) denotes the Poisson integral of f, that is,
PAP@) = [ Pa-)f)dy. @B e> 0 1)

Rn

and, for every x € R”, I'(x) = {(y,t) € R™ x (0,00) : | — y| < t}. According to [58, Theorems 5.3 and 5.4]
the square function Sz defines an equivalent norm in LP(R™), 1 < p < co.

Theorem A. Let 1 < p < 0o and B > 0. Then, there exists C > 0 such that

1
5||f||Lp(Rn) < Ss(H)llereey < Cliflle@ny, [ € LPR™). (2)

The equivalence in Theorem A for 5 € N can also be seen in [36,42,52].

Coifman, Meyer and Stein [20] introduced a family of spaces called tent spaces. These tent spaces are
well adapted to certain questions related to harmonic analysis. Suppose that 1 < p,q < co. The tent space
T} (IR™) consists of all those measurable functions g on R™ x (0, 00) such that A,(g) € LP(R"), where

1/q

dydt "
A = | [ laworts| L eer
)

I'(z

The norm || - [|7g(gny in T (R™) is defined by ||g[lzg®n) = [Aq(9)l|lLrwn), 9 € THR™).

More recently Harboure, Torrea and Viviani [32] have simplified some proofs of properties in [20] by using
vector valued harmonic analysis techniques. Note that the result in Theorem A can be rewritten in terms
of tent spaces as follows. If 1 < p < co and 8 > 0, then, for every f € LP(R"), t*BBtBPt(f) € TE(R”) and

1
6”f||LP(R") < Hfﬂafpt(f)HTg(R") < Ol fllLrgnys

where C' > 0 does not depend on f.
Assume that B is a Banach space. In order to show a version of Theorem A for the Lebesgue-Bochner
space LP(R™,B), the most natural definition of the S-conical square function Sgp is the following
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